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It is a simple matter to isolate bacterial mutants when the mutants can 
proliferate or survive in an environment which suppresses or eliminates the 
parent strain. There is consequently no difliculty in obtaining mutants, 
even of low frequency, which differ from the parent strain by being resist- 
ant to antibacterial chemicals or viruses, or by having decreased nutri- 
tional requirements. Mutants with increased nutritional requirements, 
however, have been much less convenient to isolate. Recently developed 
techniques } * permit a considerable improvement over the earlier prac- 
tice of random selection, but still permit selection from only a few hundred 
colonies per agar plate. This paper is concerned with a method of obtain- 
ing biochemically deficient mutants from very much larger populations. 
The method is based on the unusual mode of action of penicillin, which 
sterilizes only growing bacteria. Mutants which are unable to grow in 
minimal medium therefore survive, while the predominant non-mutant 
population is sterilized. 

Historical Introduction.—The systematic isolation of microbial mutants 
with increased nutritional requirements was initiated by Beadle and 
co-workers,* * 5 using the mold Neurospora crassa, and has since been ex- 
tended by others to Escherichia coli and other bacteria (cf. 6), and to other 
molds. With respect to the genetic interpretation of the mutations, 
Neurospora has the advantage of permitting either sexual fusion or 
asexual multiplication at will; with bacteria, on the other hand, recom- 
bination of genetic characters, which has been discovered only recently,” 8 
is apparently a rare event and is demonstrable with few bacterial strains. 
From the point of view of their use as biochemical tools, however, mutants 
of bacteria have certain advantages, especially with respect to ease of 
handling. Their rapid multiplication leads to maximal growth in 24 hours 
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or less, and their growth as discrete cells and isolated colonies, in contrast 
to the mycelial mat of Neurospora, permits precise quantitative treatment 
of populations of any size. Bacterial numbers below the visible level can 
be measured by plating out on solid media, while denser growth can be 
measured most simply by turbidimetry. The possibility of aerobic or 
anaerobic growth increases the variety of problems which can be attacked. 
In addition, the uniform production of colonies and streaks on solid media 
permits easy recognition of the production by one bacterial strain of a 
growth factor which diff'ises through the agar to stimulate another strain 
streaked nearby.? Finally, as will be described below, it has become pos- 
sible to isolate bacterial mutants considerably more efficiently than has been 
possible with molds, although recent developments may also render the iso- 
lation of mold mutants quite efficient.'® " 

The analysis of the behavior of deficient mutants, so far studied mostly 
with Neurospora, represents one of the major developments in biochemistry 
of the past decade. It has permitted recognition of a number of distinct 
enzymic steps in the course of various biosyntheses—a method of excep- 
tional interest as the attention of biochemistry is increasingly focused on 
anabolic reactions. This development may also be expected to have 
several important applications, including microbiological assay; the recog- 
nition of previously unknown metabolites which can serve as models for 
synthesis of chemotherapeutic analogs; and perhaps microbial production 
of rare biochemicals, since certain deficient mutants have been shown to 
accumulate the substrate of the absent enzyme.” 

In particular, illustrating the unity of cellular metabolism,'* 14 } the 
growth factors (nutrilites) of various microorganisms found in nature have 
almost without exception turned out to be essential participants in the 
intermediary metabolism of higher animals and plants. In a number of 
instances the microorganisms have provided the first means of recognizing 
and isolating vitamins (essential growth factors of animals). But since 
the growth requirements of a large proportion of ‘‘wild type’’ organisms 
have already been identified, it appears reasonable to suppose that in the 
future the discovery of unknown metabolites will increasingly depend on 
the production of mutants for which these metabolites are nutrilites. 

Under these circumstances, it would be highly desirable to have a tech- 
nique for isolating biochemical mutants of microorganisms more effi- 
ciently than has hitherto been possible. The work on Neurospora has been 
done with mutants obtained by testing large numbers of unselected indi- 
vidual spores. The total frequency of detectable biochemically deficient 
mutants following irradiation is reported to be about 2% with Neurospora ;‘ 
maximal values of 6% have been recorded with bacteria.!6 The incidence 
of any given type of mutant is extremely small. With this method it 
would not be profitable to undertake to isolate specifically any single type 
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of mutant which might be wanted by a biochemist, nor could one expect to 
obtain, except by rare chance, those mutants whose frequency of appear- 
ance following irradiation is less than perhaps 10~‘, and whose existence 
can at present only be postulated. 

A considerable improvement in efficiency of isolating biochemically defi- 
cient bacterial mutants has been effected by Lederberg,! based on the de- 
layed production of colonies by the mutants as a result of delaying the 
enrichment of the minimal agar medium until the non-mutants have 
grown for a while. A related method has recently been described which 
involves the production of small colonies of mutants by limiting the amount 
of enrichment.? Both these methods, however, still restrict the search to 
comparatively common mutants, since a maximum of approximately 500 
bacterial colonies per plate can be studied. 

Principle of the Penicillin Method.—The possibility, with biochemically 
deficient mutants, of selectively eliminating a large non-mutant population 
suggested itself on the basis of the reports” '8 that penicillin sterilizes only 
multiplying bacteria. The data on which these reports were based show 
only that penicillin failed to sterilize bacteria in a grossly deficient men- 
struum, such as physiological saline, or in an adequate medium kept in the 
refrigerator. In order to test whether penicillin would also fail to sterilize a 
deficient mutant in a medium which was adequate except for the specific 
deficiency, the present investigation was begun by isolating a tryptophane- 
requiring mutant of EF. coli by one of the earlier methods.?. This mutant was 
not sterilized by penicillin in a minimal medium lacking tryptophane, while 
the parent stock strain was rapidly sterilized by penicillin in this medium 
(and the mutant in a medium containing tryptophane). It therefore 
appeared that penicillin should be an ideal selective agent for sterilizing large 
non-mutant populations in a minimal medium, while permitting survival of 
those mutants which fail to grow on this medium. Accordingly,a search was 
made for biochemical mutants among the survivors of extensive but incom- 
plete sterilization by penicillin. 

Experiments carried out over a period of nearly a year with several 
bacterial species consistently failed to yield any mutants among the sur- 
vivors of irradiated populations exposed to penicillin in minimal medium. 
Success was attained, however, when the bacteria were passed through an 
extra stage of cultivation in enriched medium after irradiation, followed by 
washing to eliminate the growth factors present in the enriched medium. 
They were then suspended in minimal medium containing penicillin and 
finally plated in enriched agar media. This modified procedure yielded a 
large number of survivors (up to a hundred per plate, from 10° organisms 
exposed to penicillin). These colonies consisted practically exclusively 
(90 to 100%) of a variety of strains unable to grow on minimal medium. 
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The introduction of the extra stage of cultivation was based on the hy- 
pothesis that the previous failures were caused by the syntrophic effect of 
metabolites released by the relatively dense populations of bacteria ex- 
posed to penicillin following irradiation. This hypothesis was supported by 
experiments on mixtures of the washed tryptophane-less mutant and the 
stock culture; these showed that the mutant became increasingly suscep- 
tible to penicillin in minimal medium when the density of stock bacteria, 
either normal or sterilized by irradiation, exceeded 10° cells per milliliter. 
Since in the early experiments the suspensions used as sources of mutants 
were irradiated until the proportion of viable survivors was 10~* to 10~°, it 
was necessary, in order to expose appreciable numbers of viable bacteria to 
penicillin, that the total population density be very high. The extra stage 
of cultivation eliminated the harmful excess of metabolically active but 
non-viable products of irradiation. 

Following this adaptation of the method, it was found that the basis on 
which the extra cultivation had been introduced was not correct after all, 
even though the procedure was successful. Once the irradiated bacteria 
had passed through the intermediate cultivation, a certain number of 
mutants could be obtained even at very high population densities. It was 
therefore impossible to account for the requirement of intermediate culti- 
vation simnly on the basis of the syntrophic effect. We believe the main 
factor is ratuer the following. Mutations of the desired type are produced 
by eliminating the function of a gene which normally produces molecules 
of a given species of enzyme; these enzyme molecules in turn control a 
step in the biosynthesis of a given metabolite. But when the gene has 
undergone a mutation following irradiation, even though the product of the 
gene can no longer be formed, the pre-existing gene products (enzyme 
molecules) continue to function and to synthesize their metabolites. The 
cell is therefore able to grow to a certain extent on minimal medium, 
and is consequently sterilized by penicillin before the products of the mu- 
tated gene are exhausted. During the process of intermediate cultivation, 
however, the original gene products are so diluted out or exhausted that the 
mutants are unable to grow on minimal medium, and hence are insensitive 
to penicillin. To describe this ‘‘phenotypic lag’’ move briefly one might 
say that the new genotype finds phenotypic expression as a biochemically 
deficient mutant only after it has undergone sufficient growth (possibly 
requiring several generations) to lose the physiologic character of the old 
genotype. The syntrophic effect appears also to play a definite but sec- 
ondary rdle in determining survival from penicillin. Experiments are in 
progress to analyze the syntrophic effect and the phenotypic lag quanti- 
tatively. 

By this technique a variety of mutants of E. coli (“‘Waksman”’ strain, 
ATCC #9637) have been obtained with individual requirements for all the 
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naturally occurring amino acids except alanine, aspartic acid and hydroxy- 
proline; for several multiple sets of amino acids; for the naturally occur- 
ring purines or their nucleosides or nucleotides; for the naturally occur- 
ring pyrimidines or their nucleosides or nucleotides; for the vitamins biotin, 
niacin, p-amino benzoic acid, thiamin, pyridoxin and panthothenic acid; 
and for unidentified factors in yeast extract. Mutants requiring vitamins 
have been isolated with less efficiency than the others; we have evidence 
that, the syntrophic effect is much more striking with at least some of the 
vitamins, which act as nutrilites in much smaller traces, than with amino 
acids or nucleic acid components, which form the bulk of the protoplasm. 

The experimental details underlying this paper will be published later. 
A brief protocol of a typical experiment follows, in which only amino acid 
mutants were sought. 

Experimental.—A 24-hour turbid culture of EF. coli (‘‘Waksman” 
strain, ATCC #9637) in minimal medium !° was irradiated for 2 minutes 
in a quartz flask with constant shaking at a distance of 39 inches from an 
ultraviolet mercury lamp (General Electric ‘‘Sterilamp’’). This procedure 
reduced the viable count from 10° per milliliter to 107 per milliliter. (In 
most experiments the irradiation was more extensive.) One milliliter 
of the suspension was added to 2 ml. of minimal medium supplemented 
with 0.2% tryptic hydrolyzate of casein (Sheffield ‘‘N-Z-Case’’), and the 
culture was incubated for 24 hours at 37°C., at whicistime the viable count 
had reached 1.5 X 10° per milliliter. The bacteria were centrifuged, 
washed once with water and resuspended in 3 ml. of water. Serial tenfold 
dilutions of the suspension were prepared in water, and 0.1 ml. of each 
dilution added to 3 ml. of minimal medium containing 300 units of crys- 
talline penicillin per milliliter. Following incubation at 37°C. for 24 and 
48 hours, 0.1 ml. from each tube was plated in 10 ml. of minimal agar and 
in the same medium supplemented with 0.2% casein hydrolyzate. (It 
was determined that this dilution of the inoculum in agar was sufficient to 
remove the antibacterial effect of the penicillin.) Because of the frequently 
delayed appearance of colonies following exposure to penicillin, the plates 
were incubated for 48 rather than 24 hours. Table 1 shows the much 
larger numbers of colonies appearing in the enriched medium. Ten 
colonies chosen at random from one of the plates of enriched medium were 
all found to be biochemically deficient mutants, unable to grow on min- 
imal agar. The mutant strains were spot-tested ** for their response to all 
of the naturally occurring amino acids. Because of the multiplication 
during the intermediate cultivation between irradiation and selection by 
penicillin, a number of replicate colonies with the same requirement, 
presumably a clone derived from a single mutation, are generally found in 
the same plate. In 4 typical experiment 5 to 10 distinct types are found 
on a single plate. 
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Discussion.—E. coli was the organism chosen because of its hardiness, 
its ability to grow on the simplest medium, its completely dispersed growth 
in liquid medium, and the large amount of information already available on 
its biochemical mutants. Though it requires much higher concentrations 
of penicillin than those species which are considered fully sensitive to the 
drug, it fortunately shares with these species the requirement of bacterial 
growth for bactericidal action. With more sensitive species the separation 
of mutants from non-mutants by penicillin might well be even more quan- 
titative. 

It may be emphasized that those mutants which have survived peni- 
cillin under these special conditions are not penicillin resistant in the or- 
dinary sense. In the presence of their growth requirements they display 
no resistance to the bactericidal action of penicillin. It would not be ex- 
pected that biochemical deficiencies should be associated with resistance to 
penicillin; on the contrary, it has been pointed out that the development 
of a high degree of penicillin resistance by Staphylococcus aureus is accom- 
panied by loss of most of the growth requirements of this normally fas- 
tidious organism.”* 


TABLE 1 
SURVIVAL OF MUTANTS AND NON-MUTANTS AFTER EXPOSURE TO PENICILLIN (300 
U./ML.) IN MINIMAL MEDIUM 
————————— COLONIES IN PLATING OF 0.1 mL.———_—_— ——s 
AFTER 24 HRS. IN PENICILLIN AFTER 48 HRS. IN PENICILLIN 


MINIMAL ENRICHED MINIMAL ENRICHED 
INOCULUM IN 3-ML. TUBE MEDIUM MEDIUM MEDIUM MEDIUM 


108 bacteria ca. 400 ca. 400 12 51 
107 36 152 1 67 
108 7 79 (10/10 mut.) 0 36 


So far as is known to the author, penicillin is the only antibacterial 
agent which has been shown to require growth for its bactericidal action, 
but few others have been tested as carefully. Streptomycin® and sul- 
fonamides have other modes of action. For microbial species which are 
completely resistant to penicillin it might be worth while to search for at 
least partial selection of mutants by other antimicrobial agents. It is 
well known that a variety of disinfectants sterilize cells from the loga- 
rithmic phase of growth more rapidly than cells from the stationary phase. 

It was incidentally anticipated, in undertaking this investigation, that 
light might be thrown on the mode of action of penicillin, since a selective 
survival of certain classes of mutants, but not of others, would have fur- 
nished an indication of the site of action of the drug. As it turns out, the 
apparently universal survival of all types of non-multiplying mutants 
makes this procedure particularly valuable as a tool for selecting mutants, 
but valueless for narrowing down the search for the point of metabolic 
attack of penicillin. One can conclude only that sterilization by this com- 
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pound requires extensive protoplasmic synthesis—an integrated process 
which apparently is interrupted at all points (including the point or points 
of attack of penicillin) soon after a deficiency appears at any one point. It 
may be pointed out, however, that actual cell division is not required. 
Considerable sterilization by penicillin occurs during the lag phase, before 
the number of cells has increased in a parallel culture without penicillin.* 

This method as developed so far does not appear to yield quantitative 
survival of mutants, and hence cannot be used for accurate determination 
of mutation frequencies. The total fraction of mutants obtained with 
casein hydrolyzate as a supplement is approximately 10~* of the viable 
cells exposed to penicillin, whereas a frequency of approximately 10~? was 
obtained when the same irradiated suspension was tested by another 
method? which permits survival of all the members of a small population. 
The virtue of the penicillin method lies chiefly in the use it permits of huge 
populations. It is possible by this method to isolate certain specific types 
of mutants conveniently. For example, when it turned out that all of the 
cystine-requiring mutants on hand responded to sulfide, an experiment 
was performed to isolate mutants blocked at another level. Cystine was 
added in the intermediate cultivation, and sulfide in the penicillin tube to 
eliminate the sulfide mutants. Subsequent plating yielded several kinds 
of cystine mutants which did not respond to sulfide. 

The relatively high frequency of several per cent of detectable biochem- 
ical deficiencies in irradiated bacteria has been interpreted by Burkholder 
and Giles'*® as implying a haploid, uninucleate state of the bacterial cell. 
Otherwise, it was suggested, the heterozygous sets of genes in the same cell 
would lead to mixed colonies, in which the unmutated strain would regu- 
larly have prevented detection of mutants by the methods in use, which 
involved formation of a colony from each cell immediately following ir- 
radiation. Although this argument was advanced in connection with 
Bacillus subtilis spores, it would apply equally, if valid, to other bacteria, 
which have similar mutation frequencies following ultra-violet irradiation. 
Actually, this interpretation is in conflict with recent cytological evidence 
that bacilli, including EF. coli, are multinucleate.** Although the residence 
in these nuclear bodies of the genes for biosyntheses has not been proved, 
it seems very probable. The argument of Burkholder and Giles, in any 
case, is open to question if we recall that the irradiated suspensions do not 
contain 1% mutants and 99°% non-mutants; rather, in a typical case, with 
10~* viable survivors, the proportions would be 10~* mutants, 99 X 107° 
non-mutants, and 0.9999 non-viable cells which may be regarded in a gen- 
eral way as lethal mutants. It is obvious that under these circumstances 
a viable mutant set of genes in a multinucleate cell would almost invari- 
ably be accompanied by a lethal set which could not give rise to a mixed 
colony, and presumably would not interfere with the propagation of the 


’ 
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viable set of genes. This consideration is also applicable to the sug- 
gestion *. °6 that polyploidy might be a cause of the delayed appearance of 
phage-resistant bacterial mutants. 

Delayed phenotypic expression appears to be much the most likely, 
though not the only possible, explanation of the failure to isolate mutants 
by exposure to penicillin immediately after irradiation; for it seems not 
only plausible, but practically inevitable, that enzymes should persist in 
the cell for some time after radiation has altered the corresponding gene. 
It is not permissible to refer to this process as a ‘‘cytoplasmic lag,’’ such as 
has been demonstrated with Paramecium,?’ for we have no certain knowl- 
edge of the location in bacteria of either the genes or their products. It 
would be desirable, however, for the biochemical analysis of genetic proc- 
esses, to have a collective term for the products of gene action, defined on 
a functional rather than a morphological basis. Genome has long been 
used to denote the sum total of the autoreproductive units (genes) in a cell. 
We here propose the term phenome** for the sum total of extragenic, non- 
autoreproductive portions of the cell, whether cytoplasmic or nuclear. 
The phenome would be the material basis of the phenotype, just as the 
genome is the material basis of the genotype. What has been called a 
delay in phenotypic expression would, then, depend on the transformation 
of the phenome to correspond to the new genome. Since the word pheno- 
type is purely formal and has somewhat special implications as ordinarily 
used in genetics, it is suggested that the process under discussion be referred 
to more concretely as a phenomic lag. 

A delay in the appearance of mutants induced by irradiation has also 
been described by Demerec for phage resistance.**» *® Newcombe’? has 
recently demonstrated indirectly a similar delay among spontaneously 
appearing phage-resistant mutants, and favors the view that in both in- 
duced and spontaneous phage resistance the delay is one of phenotypic 
exp.ession of the mutation. Biochemically deficient mutants are a simpler 
case in the sense that we have some conception of the biochemical nature 
of the change, whereas the mechanism underlying phage resistance is more 
obscure. The similar delay in phenotypic expression of both types of 
mutation therefore supports the notion that in phage resistance there is also 
an alteration of the composition of the phenome, presumably primarily 
involving one or more enzymes controlled by a single gene. 

Summary.—A method is described for the isolation of biochemically defi- 
cient mutants of bacteria. This procedure is based on the fact that peni- 
cillin sterilizes only growing bacteria; mutants selectively survive exposure 
to penicillin in a minimal medium which is inadequate for their nutrition. 
By this technique a large variety of mutants of FE. coli have been obtained 
with requirements for amino acids, nucleic acid components, and vitamins. 

Mutants induced by ultra-violet irradiation do not survive exposure 
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to penicillin in minimal medium unless they are first permitted a period of 
growth, during which the new genotype achieves physiologic expression as a 
deficient phenotype. The term phenome is proposed to denote the total 
extragenic material of the cell, and the term phenomic lag to describe the 
delay in phenotypic expression. 

Syntrophism also contributes to the susceptibility of mutants to peni- 


cillin in minimal medium. 

The excellent technical assistance of Mrs. Harlean Cort is gratefully 
acknowledged. 

* The use of penicillin to isolate biochemically deficient mutants was also developed 
independently by J. Lederberg and N. Zinder. Communications by these investi- 
gators and by the author are being published in the December 1948 issue of the 
Journal of the American Chemical Society. 
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RIBOFLA VIN-SENSITIZED PHOTOOXIDATION OF INDOLE- 
ACETIC ACID AND RELATED COMPOUNDS 


By ARTHUR W. GALSTON* 
KERCKHOFF LABORATORIES OF BIOLOGY, CALIFORNIA INSTITUTE OF TECHNOLOGY 
Communicated by G. W. Beadle, November 18, 1948 


Indoleacetie acid (IAA) is known to exert profound effects upon growth 
and morphogenesis in higher plants (cf., the review by Went and Thi- 
mann!?). Since its natural occurrence in plants has been directly demon- 
strated by chemical isolation (Haagen-Smit, ef al.,”"*) its status as a plant 
hormone seems well established. Obviously, any information concerning 
the genesis and disappearance of this hormone is of fundamental importance 
to plant physiology. 

During a series of experiments on the physiology of light action in etio- 
lated peas (Galston and Hand®), we noticed that the addition of small 
amounts of riboflavin (Rbf) to the growth medium resulted in a marked 
growth inhibition if the tissue were exposed to light. No such inhibitiow 

® occurred in the absence of light. Since this inhibition could be partially re- 
versed by the addition of relatively large quantities of IAA to the medium, 
it appeared possible that riboflavin in some way caused the photo-inactiva- 
tion of indoleacetic acid. This interpretation was completely confirmed by 
in vitro experiments, as described below. 

Methods._-The test solutions were put into Erlenmeyer flasks of such 
capacity that a layer 1-2 cm. deep was formed. Duplicate series were 
prepared, one being mixed and stored in a dark room, the other being ex- 
posed to about 200 foot-candles of light from ‘‘Daylight’’ fluorescent bulbs. 
Such light as was necessary in the ‘‘darkroom”’ was supplied by a 7! »-watt 
ruby-red bulb. In the determination of IAA, a 1-cc. aliquot of the reaction 
mixture was removed to a test tube, mixed with 4 cc. of Salkowski reagent 
(see Tang and Bonner"), and allowed to stand for 30 minutes. The inten- 
sity of the resultant pink color was then measured in a Klett-Summerson 
photoelectric colorimeter, using a green filter, and the concentration of 
IAA in the aliquot determined by reference to a previously prepared stand- 


ard curve. 
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The riboflavin employed was the Merck product, made up into a stock 
solution of 100 y/cc. and stored in a red bottle in the refrigerator to re- 
tard decomposition. The IAA utilized was made up into a stock solution of 
50 y/ce., adjusted to pH 7.0 and similarly stored in the refrigerator until 
use. 
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FIGURE 1 
The time course of photoinactivation of indoleacetic 
acid. Solution contained 25 y/cc. IAA and 10 y/cc. 
Rbf. 





Experiments.—Although solutions of indoleacetic acid are quite stable 
both in light and in the dark, the addition of as little as 0.01 y/cc. of ribo- 
flavin renders the IAA susceptible to rapid light inactivation. Thus, in a 
solution containing 25 y/cc. IAA and 1 y/cce. riboflavin, practically all of 
the indoleacetic acid is inactivated within 1 hour. Typical data are pre- 
sented in table 1. 

To determine the time course and rate of the reaction, 25 y/cc. IAA and 
10 y/cc. of riboflavin were incubated at 23°C. under the fluorescent lights. 
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Every five minutes, a 1-cc. aliquot was removed from the solution and sub- 
jected to colorimetric analysis. The data (Fig. 1) show that the reaction is 
50° complete in about 16 minutes, 75°90 complete in about 31 minutes, and 
virtually complete at the end of one hour. 


TABLE 1 

THE EFFECT OF RIBOFLAVIN AND OF LIGHT ON THE DISAPPEARANCE FROM SOLUTION OF 
IAA. DURATION OF EXPERIMENT, 1 HouR; TEMPERATURE, 23°C. 
SOLUTION 
cc, —% DISAPPEARANCE OP IAA 

y/CC. IAA RIBOFLAVIN DARK LIGHT 
0 0 0 
0.01 0 16. 
0.1 0 22. 
1 0 98 
10 0 98 
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FIGURE 2 





The effect of riboflavin concentration on the rate of 
photoinactivation of IAA. Solution contained 25 
y/cce. IAA; duration of reaction was 40 minutes. 


If the log of the residual concentration of IAA is plotted against time, a 
straight line is obtained, indicating that the reaction is first-order. The 
reaction rate constant, A, as determined by multiplying the slope of this 
line by 2.303, was t.2 X 107‘ reciprocal seconds. . This value checked 
closely with other determinations of K made by means of the formula 
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2.303. CG, 
= —— log 


Cc 
where C, = original concentration and C = concentration at time ¢. 

To determine more precisely the relation between rate of the reaction and 
concentration of riboflavin, a series was set up similar to that in table 1, but 
aliquots for colorimetric analysis were taken after 40 minutes. As shown in 
figure 2, there is approximately a straight line relationship between the log 
of the riboflavin concentration and the rate of the reaction. This indicates 
that the reaction will be strictly first-order with respect to IAA only in the 
presence of an excess of riboflavin. 

The effect of temperature and of pH on the reaction rate are shown in 
tables 2 and 3. Raising the temperature from 3°C. to 23°C. results in a 
50% increase in the rate of the reaction, and further elevation of the tem- 
perature to 48°C. has a proportionately smaller effect. The fact that the 
reaction proceeds best at the lower pH values would indicate that the undis- 
sociated molecule reacts more rapidly than does the indoleacetate ion. The 
pK of indoleacetic acid is 4.75 (D. Bonner’). 

TABLE 2 
THE EFFECT OF TEMPERATURE ON THE RATE OF PHOTO-INACTIVATION OF IAA. ALL 
SOLUTIONS: HAVE 25 y/cc. IAA AND 1 y/cc. RIBOFLAVIN 
TIME AFTER evan : 
OF ae s rm OF IAA ee ae 
15 18.0 28.8 32.0 
30 26.8 38.9 51.9 
45 38.4 55.3 60.0 
60 46.8 65.6 70.4 


TABLE 3 
THE EFFECT OF PH ON THE RATE OF PHOTO-INACTIVATION OF IAA. ALL SOLUTIONS 
HAVE 25 y/cc. IAA, 1 y/cc. RIBOFLAVIN, AND 0.01 M KH»,POy-NasHPO, BuFFER 
% OF IAA 
PHOTO-INACTIVATED 
AFTER 40 MINUTES 
62. 
60.7 
50. 
44. 
40. 
32. 


To determine whether the photo-inactivation requires oxygen, duplicate 
flasks containing 25 y/cc. IAA and 1 y/cc. riboflavin were prepared in the 
dark room. Through one flask a swift stream of argon gas was bubbled for 
30 minutes and the flask was then sealed. The other flask was kept as an 
aerobic control. At zero time, both flasks were brought into the light. 
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It was noted that the riboflavin in the anaerobic flask became decolorized 
in about 20 minutes, whereas that in the aerobic flask remained bright yel- 
low. At the end of 1 hour, aliquots were removed from each of the flasks 
and assayed for residual IAA as before. Whereas 95.5% of the IAA had 
been photo-inactivated in the aerobic flask, only 11.6% had been photo-in- 
activated in the anaerobic flask. Admission of oxygen to the latter flask 
resulted in the rapid disappearance of IAA. This indicates that the reac- 
tion may be represented as follows: 


Rbf + hy — Rbf* 
IAA + Rbf* — oxidation product + Rbf-H: 
Rbf- He + ™/,02 — Rbf + HO 


The activated riboflavin (Rbf*) therefore acts as a hydrogen carrier between 
IAA and oxygen. 

In order to elucidate the mechanism of the reaction and the nature of the 
products formed, experiments were conducted in a Warburg apparatus 
equipped with a battery of 60-watt bulbs seated under the reaction vessels. 
Into control cups were placed 1 cc. of either IAA (500 y/cc.) or riboflavin 
(20 y/ce.); experimental cups contained both the IAA and riboflavin 
mixed after the cocks were closed. Vessels with and without KOH in the 
center well were employed to determine both O, absorbed and possible CO, 
evolved in the reaction. At the conclusion of the experiment, a 1-cc. ali- 
quot of the reaction mixture was removed for the determination of residual 
IAA, and therefore of the quantity of IAA photoéxidized. Typical data are 
presented in table 4. They seem clearly to indicate the release of 1 molecule 

TABLE 4 
Gas EXCHANGE DURING PHOTOOXIDATION oF IAA 


-——— uM O: CONSUMED—— ——nm CO; EVOLVED—— 
BM IAA PER uM IAA PER @M IAA 
EXPT. NO. OXIDIZED TOTAL OXIDIZED TOTAL OXIDIZED 


P-308 2.7 3.16 1.15 
47 2.91 1.18 se 
P-314 73 2.58 0.95 .78 
P-315 2.77 3.23 bay .94 
2.77 3.24 LT 3.03 


Be 
1, 
KE 


of CO per molecule IAA oxidized, and the absorption of about 1 molecule of 
O» per molecule oxidized, though oxygen absorption values averaged about 
12% higher than this value. A balanced over-all reaction may therefore be 
written: 


riboflavin oxidation -+ CO, 
IAA + O, 
light product 


The nature of the oxidation product is still under investigation and will be 
reported separately. 
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Specificity of the Reactants.—It became of interest to determine whether 
compounds related to riboflavin and to indoleacetic acid could react in the 
samé way. Samples of lumichrome and lumiflavin (originally obtained 
from Dr. J. W. Foster) were made available to the author through the 
kindness of Dr. H. K. Mitchell. As shown by the data of table 5, lumiflavin 


TABLE 5 
COMPARATIVE EFFECTIVENESS OF RIBOFLAVIN, LUMICHROME AND LUMIFLAVIN IN SEN- 
SITIZING THE PHOTOOXIDATION OF IAA. TEMPERATURE, 21°C. 


~—% OF IAA DESTROYED AFTER——— 


SOLUTION 1 HR. 2 HRs. 17 wRs. 
25 y/cc. IAA 0 - 0 0 
25 y/cc. IAA + 1 y/ce. riboflavin 70 92 96 
25 y/cc. IAA + 1 y/cc. lumichrome 12 16 90 
25 y/cec. IAA + 1 y/cce. lumiflavin 0 0 0 
was completely incapable of sensitizing the photo6xidation of LAA, whereas 
lumichrome reacted at a much slower rate than did riboflavin. 

To determine whether other compounds containing an indole ring could 
be photo6xidized in the presence of riboflavin, 10~* WV solutions of such com- 
pounds were made up and sensitized by the addition of 10 y/ce. riboflavin. 
At zero time, a Hopkins-Cole color was obtained by mixing 3 cc. of the so- 
lution with 1 cc. glyoxylic acid reagent, 0.2 ce. 0.01 CuSO, and 5 ce. con- 
centrated H,SO,. At intervals, aliquots were removed todetermine whether 
the intensity of the Hopkins-Cole color had decreased. Such decrease 
with respect to the zero time color for each compound was taken as evidence 
of its photochemical alteration. All indole compounds tested were found to 
react in the same way as does IAA, although at considerably lower rates. 
A list of such compounds is found in table 6. 


TABLE 6 
ComMPpouNDsS CAPABLE OF BEING PHOTOCHEMICALLY ALTERED IN THE PRESENCE OF 10 
y/cc. RIBOFLAVIN. ALL SOLUTIONS TESTED WERE 1074 M 


Indole ..........Indole aldehyde 
Skatole Ae ; Tryptamine 
Indoleacetic acid i .. Tryptophane 
Indolebutyric acid... . ; 5-Methyl tryptophane 


Possible Biological Significance of the Reaction.—It has been reported by 
several investigaters (van Overbeek,'® Burkholder and Johnstcn,* Konings- 
berger and Verkaaik,’ Stewart and Went,'* Oppenoorth,'! Gustafson®) that 
tissue exposed to strong light has a lower auxin content than does unillu- 
minated tissue. If this auxin is indoleacetic acid, then the reaction de- 
scribed in this paper may proceed, destroying either IAA, its precursor, 
tryptophane (Wildman, e¢ a/.'*), or both. Whereas it has been reported 
(van Overbeek!*) that only auxin a and 6 may produce differential growth 
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effects in light and dark, this reaction provides a mechanism whereby in- 
doleacetic acid may also yield such differential effects, as previously re- 
ported by Galston and Hand.°® 

Since the absorption maximum of riboflavin in the visible portion of the 
spectrum (Ca 460 my) is quite close to the most effective wave-length in the 
action spectrum for phototropism, it is also possible that riboflavin is a re- 
ceptor pigment in the phototropic response of plants. Recent demonstra- 
tions (Galston,* Bonner and Thurlow,? Leopold and Thimann!?’) that there 
may be a relation between auxins and photoperiodic response of plants may 
also be interpreted by means of such a reaction, although the reported ac- 
tion spectrum for photoperiodism (Parker, et al.'*) seems to preclude the 
participation of riboflavin. These and related questions are at present un- 
der investigation in this laboratory. 

Summary.—In in vitro studies, it has been found that riboflavin can sensi- 
tize the photoéxidation of various indole-containing compounds, including 
the plant growth hormone indoleacetic acid. Under the conditions studied, 
the reaction goes to completion in 1 hour. Kinetic studies indicate that it 
is first-order. 

The reaction requires oxygen. Warburg manometric studies indicate 
that approximately 1 mol. O2 is absorbed and 1 mol. CO, is liberated per 
mol. indoleacetic acid oxidized. The nature of the oxidation product is as 
yet unknown. 

The reaction proceeds best at the lower pH values tested, suggesting 
that the undissociated IAA molecule reacts more quickly than the indole- 
acetate ion. The reaction rate is somewhat accelerated by an increase in 
temperature. Riboflavin analogs work more slowly than riboflavin, or not 
atall. Allindole-containing compounds tested reacted. 

It is suggested that riboflavin-sensitized photo-inactivation of auxin may 
be an important phenomenon in the normal physiology of the plant. 


* The author wishes to express his appreciation to Margery E. Hand and Rosamond 
S. Baker for their expert technical aid during the course of this investigation. 
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AGGREGATION PHENOMENA IN EGG ALBUMIN SOLUTIONS AS 
DETERMINED BY LIGHT SCATTERING MEASUREMENTS* 


By M. BIER AND F. F. Norp 
DEPARTMENT OF ORGANIC CHEMISTRY, ** FoRDHAM UNIversity, New York 58, N. Y. 


Communicated by F. G. Keyes, November 23, 1948 


The various ultracentrifugal measurements reported for the molecular 
weight of egg albumin are not in complete agreement, as values between 
34,500 and 46,000 have been obtained.’? Investigating the behavior of 
this protein, Sjogren and Svedberg* have reported also that, within the pH 
range 4 to 9, egg albumin is stable and monodisperse. 

During the course of extensive studies on the effect of freezing on various 
proteins and enzymes, it was found, however, that freezing causes, solely 
because of its physical influence, a change in the state of aggregation of egg 
albumin, inducing an aggregation at higher concentrations and a disag- 
gregation at lower concentrations of the protein particles in solution.‘ 
These results were recently confirmed by Neduzhii® and others. Further- 
more, experiments of Putzeys and Brosteaux,® and of Heller and Klevens,’ 
extended these results by noting that egg albumin also undergoes aggrega- 
tion at normal temperatures within the above mentioned pH range of al- 
leged stability. 

The causes influencing the state of aggregation of this protein under the 
above conditions were not yet investigated, and hence we studied the fac- 
tors governing the aggregation occurring at normaltemperature. To study 
the influence of concentration and time, we adopted the light-scattering 
method, which is very suitable for the study of aggregation phenomena,’ 
the rapidity of the single measurements offering a notable advantage over 
the determination of particle weights by ultracentrifugation. This is to our 
knowledge the first attempt of a study of the mechanism of protein aggre- 
gation and denaturation by a continuous direct measurement of changes of 
particle weights. 

Regarding the kinetics of aggregation, Oster* has pointed out that, in a 
system of polymerizing or aggregating particles, the light scattering, in- 
creases with the progress of the reaction. Namely according to Rayleigh,?® 
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the intensity of scattered light 7, called also turbidity, and expressed in 
terms of the extinction coefficient, is proportional to the number N of par- 
ticles per unit volume, and also to the square of the volume of each particle: 


r = ANV? (1) 


Although, because of aggregation, the number of particles is decreasing, the 
mean volume of each particle is increasing in the same proportion. Ina 
polydisperse system the intensity of the scattered light is the sum of the 
contributions from each of the components of the mixture. 

Equation (1) is limited to a system of independent, dielectric, spherical 
particles of small diameter as compared with the wave-length of the light. 
Putzeys and Brosteaux® have already established the fact that no correc- 
tion for the turbidity due to depolarization of the scattered light is required 
in the case of egg albumin, owing to the symmetry of its particles, whereas 
the radius, r = 27.2 A, of these particles in the hydrated state, as calculated 
by Bull,!® is certainly small enough as compared with the applied wave- 
length (Agi, = 4358 A). 

For calculating the particle weight / from the turbidity measurements, 
Debye’s' formula 


He 1 
—_— ll 2 ‘s 9 
7; +2 BC (2) 


r 


was applied, where c is the concentration, B' is a constant for a determined 
system, and H is a function of the wave-length and of the refractive indices 
of the solvent and the solution. For calculating this constant we used the 
specific refractive increment of egg albumin reported by Barker.'? For 
computing the average particle weight at various states of aggregation, it 
was assumed that the specific refractive increments as well as the coefficient 
B are not affected by the state of aggregation. For highly aggregated par- 
ticles, a correction for the asymmetry of the light scattering would probably 
be necessary; this, however, would only further raise the reported values. 

Experimental.—To determine the intensity of the scattered light we 
modified the photoelectric Tyndallometer of the type described by P. P. 
Debye.'* The instrument? was calibrated with a sample of polystyrene, the 
absolute turbidity of which was determined in Debye’s laboratory.! 

The egg albumin was prepared according to the method of La Rosa,'! 
recrystallized twice, and dialyzed against distilled water for 3 days. The 
preparation of the protein was carried out at 4°C., the resulting 6% solu- 
tion being stored at this same temperature until use. 

For each series of measurements the stock solution was centrifuged, fil- 
tered in a specially designed sintered glass filter of fine porosity, then trans- 
ferred into several rectangular glass cells used in the Tyndallometer and 
there diluted to the various desired concentrations with distilled water. 
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The cells were then placed in a thermostat and at regular intervals the tur- 
bidity of the solutions measured, first allowing sufficient time for the solu- 
tions to reach the temperature of the bath. The pH of the solution was de- 
termined with a Cambridge meter and found to be 4.18-4.20, independent 
of the dilution of the protein solution (no buffers used), remaining un- 
changed throughout the time of each experiment. 
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FIGURE 1 FIGURE 2 


Change of turbidity with time as a 
function of concentration. (a) 3 hrs. at 
25°C.; (6) 20 hrs. at 25°C.; (c) 2 hrs. at 
35°C.; (d) 5hrs. at 35°C.; (e) 13 hrs. at 
35°C.; (f) 24 hrs. at 35°C. 


Change of average particle weight with 
time as a function of concentration. For 
explanation of curves see legend for figure 
z. 


Results.—Turbidity-concentration curves for the albumin solutions at 
varying time intervals are shown in figure 1, the concentrations ranging 
from 1 to6%. The temperature was initially kept at 25°C., and then raised 
to 35°C., as indicated in the legend. Due to the fact that the coefficient B 
of equation (2) was found to be approximately zero, there is a nearly linear 
relationship between the initial turbidities (curve 1a) of the various solu- 
tions and their concentrations. The increase in turbidity with time, which 
is characteristic of the more concentrated solutions, is due to aggregation. 
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At the temperature of 25°C. only the 5 and 6% solutions show a rapid ag- 
gregation, whereas the solutions of lower concentration are relatively stable. 
As we raised the temperature to 35°C. a rapid aggregation occurred also 
with the more dilute solutions, namely at 2, 3 and 4%, whereas the turbid- 
ity of the 1% solution still remained nearly constant. Thus, a very marked 
influence of concentration on the rate of aggregation is evident, and may 
be immediately recognized from the shape of the curves. The aggregation 
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Change of turbidity with time as a 
function of concentration. (a) 1 hr. at 
20°C.; (b) 2hrs. at 40°C.; (c) 14 hrs. at Change of turbidity with time as a func- 
40°C.: (dy 24 hrs. at 40°C.; (e) 48 hrs. tion of concentration. (a) 1 hr. at 25°C.; 
at 40°C. (b) 6 days at 25°C.; (c) 1 day at 30°C. 


FIGURE 4 


proceeds until a visible cloudiness appears, when the turbidity readings 
were stopped. This is the reason why the curves 1d, e and f do not show the 
values for the more concentrated solutions. 

The same results in terms of average particle weight of the egg albumin, 
calculated on the basis of the above-mentioned assumptions, are presented 
in figure 2. Each curve clearly indicates the relation between the concentra- 
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tion and aggregation. By extrapolating td infinite dilution, a relatively low 
value of 37,000 for the molecular weight of egg albumen was obtained, 
which, however, is within the range of the values recorded in the literature. 

In figures 3 and 4 is shown the influence of concentration and time on the 
turbidity of more dilute solutions: namely, 0.43-2.58% and 0.21-1.26%, 
respectively. Again an initial linear relationship between turbidity and 
concentration was found. On standing, the turbidity increases indicating 
that aggregation has occurred, the rate being of the same over-all depend- 
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Change of turbidity as a function of Time (hr.) 
time. During the first 20 hrs. the tempera- 
ture was kept at 25°C., then raised to 
35°C. (a) 1% solution; (b) 2% solu- Change of average particle weight as a 
tion; (c) 3% solution; (d) 4% solution; function of time. For explanation of 
(e) 5% solution; (f) 6% solution. curves see legend for figure 5. 


FIGURE 6 


ence on temperature and concentration as above. Presentation of the re- 
sults in terms of particle weight is omitted, as the curves are similar to those 
recorded in figure 2. 

In figure 5 the turbidity values presented in figure 1 are plotted against 
the time of observation. The turbidity increases nearly linearly with time 
when the temperature is kept constant. The strong inflection of the curves 
is caused by the change of temperature from 25 to 35°C. Similar is the re- 
lationship of the increase in particle weight of the egg albumin with time, 








22 CHEMISTRY: BIER AND NORD Proc. N. A. S. 


presented in figure 6. The same ltnear dependence of aggregation on time 
was observed in all the other experiments, particularly in that shown in 
figure 4, where the very slow aggregation, due to low concentration and low 
temperature, was measured over a period of 6 days. 

Discussion.—The rate of aggregation of dialyzed crystalline egg albumin 
was found to be particularly dependent upon the temperature and the con- 
centration of the protein solution. However, thus far, no simple mathemat- 
icai relationship could be found between the concentration and tke rate of 
aggregation. The temperature coefficient Qo, defined as the ratio of the 
reaction rate constants k at the temperatures 7 + 10 to that at 7, ie., 
kr + /Rr may be calculated from the relation deduced by Oster,* where 
the turbidity, 7, at any time, ¢, can be expressed by the relation 


tr = AN) V7(1 + krt) (3) 


assuming that the aggregation is a second-order reaction analogous to the 
linear polymerization. From equation (3), by derivation, we easily obtain 


eo (Or Wr = T’ + 10 


+) 
(07 /0,)r = 7 ( 


Whereas for ordinary chemical reactions Qo is 2—3, temperature coefficients 
higher than 600 have been reported for protein denaturations.'® The 
temperature coefficient of our aggregation reaction, while assuming inter- 
mediate values between the above expressed limits, was not constant but 
continued to increase with rise in temperature. Further experiments over 
a wider temperature range will be reported later. 

The difference in the temperature constants of the aggregation reaction 
just mentioned and the heat denaturation of egg albumin indicates that the 
two phenomena are not identical. Supporting evidence for this postulation 
is that our solutions during the aggregation do not show any measurable 
increase in free sulfhydryl groups, and do not seem to have their ability to 
crystallize impaired. Both phenomena are characteristic for the heat de- 
naturation. The phenomenon seems also to differ from the denaturation of 
egg albumin by acids, as this occurs below pH 4, with larger aggregates 
appearing only below pH 3. 

We have, therefore, to consider egg albumin as being a very labile system, 
upon the state of aggregation of which a small change in environment, such 
as concentration or temperature, has a profound effect. The influence of 
other factors, such as pH and ionic strength, and the particle size distribu- 
tion of the aggregates, will be discussed in future communications. 

Summary.—The particle weight of crystalline egg albumin was deter- 
mined by the light-scattering method. Aggregation phenomena were ob- 
served at pH 4.20, i.e., within the usually accepted pH range of stability. 
Whereas the turbidity increases linearly with time, the rate of this increase, 
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coinciding with the progress of aggregation, was found to be particularly 
dependent on the concentration and the temperature of the solution. Dur- 
ing the aggregation no increase in free sulfhydryl groups could be detected, 
and the protein did not seem to have its ability to crystallize impaired. 


* This work had the support of grants of the BAcHE FuNp of the NATIONAL ACADEMY 
oF ScrENcES and the Office of Naval Research. 

** Communication No. 168. 

¢ Edsall'® has recently discussed the influence of the pH and ionic strength on the 
coefficient B of the proteins. 

¢ Built by Mr. W. H. Baker, Elmhurst, L. I., N. Y. 

§ The sample was obtained through the courtesy of Mr. T. J. Deszezynski of the 
Department of Chemistry, Columbia University, New York, N. Y. 
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UNUSUAL GENE-CONTROLLED COMBINATIONS OF CARBOHY- 
DRATE FERMENTATIONS IN YEAST HYBRIDS* 
By Car C. LINDEGREN AND GERTRUDE LINDEGREN 
SOUTHERN ILLINOIS UNIVERSITY, CARBONDALE 
Communicated by C. F. Cori, November 4, 1948 
The ability of Saccharomyces to ferment different sugars is gene-con- 
trolled and we have built up breeding stocks which are differentiated by 
their abilities to ferment galactose, melibiose, maltose, sucrose, raffinose and 
alpha methyl glucoside (1944, 1947, 1948). Many combinations of gene- 
controlled fermentative abilities which have not been hitherto described 
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have been produced by hybridization. The criterion of gene-control is the 
fact that when a large number of tetrads is isolated from a hybrid, two cul- 
tures from each tetrad are fermenters and two are non-fermenters. 

The Fermentation Test.—The fermentation test is performed in a 12- X 
100-mm. fermentation tube containing 3 cc. of a 4 per cent concentration of 
the carbohydrate and an inverted insert, 7 X 50mm. Each tube receives 2 
cc. of the following medium, without added sugar, is plugged with cotton, 
and sterilized with the inverted insert in place. 


COMPONENTS AMOUNT PER LITER 
Peptone 3.5 g. 
MgSO, 1 g. 
KH.PO, 2 g. 
Liquid Yeast Extract, 50°% dry matter 2 cc. 
Inositol 10,000 yg. 
Thiamin 200 ug. 
Pyridoxine 200 ug. 
Pantothenate 200 pug. 
Nicotinic 200 ug. 
Para-amino-benzoic acid 50 ug. 
Biotin 2 ug. 
Adenine 2,000 ug. 
Methionine 2,000 ug. 


One cubic centimeter of a Seitz-filtered 12% solution of Pfanstiehl car- 


bohydrate is then added to make a final concentration of 4%. The tube is 
inoculated with a large loop of organisms from an agar slant and fermenta- 
tion generally occurs within 24 to 48 hrs. at 30°C. and results in filling the 
inverted insert with gas. In addition to the gas production, an abundant 
growth occurs. Occasionally growth occurs without gas production, but 


this 1s rare. 

he yeasts described are all able to ferment glucose and fructose (and 
mannose), and any hydrolysis which splits off one of these hexoses results 
in a positive fermentation test. The conditions in the tube are relatively 
anaerobic and whether an aerated culture might ferment differently has not 
been determined. 

The fermentations are adaptive except for glucose and fructose. A posi- 
tive test may involve ‘‘mutation”’ and selection of a mutant from an orig- 
inally non-fermenting stock, since considerable growth occurs before fer- 
mentation begins, or adaptation may occur without mutation. No attempt 
was made to distinguish between these possibilities, for single character dif- 
ference is all that one seeks to demonstrate. The tubes are observed for 
several weeks, but active fermenters usually fill the insert with gas within 36 
hours. There are occasional slow fermenters that may require from 5 to 10 
to 15 days before fermentation occurs. 

Galactose-Melibiose Combinations.—The fermentation of galactose and 
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the hydrolysis of melibiose are controlled by two independently segregating 
genes. This means that four kinds of progeny are produced when a gamete 
capable of fermenting both galactose and melibiose (G /E) is mated to one 
incapable of fermenting either sugar (g me). 


PRODUCTION OF CO. WHEN DIFFERENT SUGARS ARE USED IN THE FERMENTATION TEST 


GENOTYPE GALACTOSE MELIBIOSE 


G ME 7 + 
G me a —_ 
g ME - + 


g me _ - 


Over 1000 asci have been analyzed in which these two alleles segregate in- 
dependently of each other; the gene controlling the ability to ferment ga- 
lactose does not interact with the gene controlling the ability to hydrolyze 
melibiose. The existence of a yeast capable of fermenting melibiose, but in- 
capable of fermenting galactose, raised an interesting point, since melibiose 
is a disaccharide containing glucose and galactose. Fermentation tubes 
containing galactose or melibiose were inoculated with the four different 
genotypes and, after ten days, each tube was tested for the presence of re- 
sidual galactose by the mucic acid test. The following table shows the re- 
sults: 


TESTS FOR THE PRESENCE OF GALACTOSE BY THE Mucic Acid Test IN FERMENTATION 
TuBeEs AFTER 10 Days 
GENOTYPE GALACTOSE MELIBIOSE 
G ME = 
G me - 
g ME + 
g me + 


Residual melibiose is hydrolyzed by the nitric acid to produce glucose and 
galactose, and the galactose is converted into mucic acid. These results 
suggest that the VE gene controls the production of a hydrolytic enzyme 
which breaks melibiose down to glucose and galactose. In the absence of 
the galactose gene, the glucose is fermented and the galactose is left behind. 

Raffinose.—Raffinose is a trisaccharide in which fructose, glucose, and 
galactose are linked together with glucose as the central molecule. The 
fructose and glucose molecules in raffinose are united by a sucrose linkage, 
and the ability to ferment one-third raffinose depends on the presence of 
the sucrose gene, which controls the production of a hydrolytic enzyme that 
hydrolyzes raffinose into fructose and melibiose. The fructose molecule is 
fermented and the residual melibiose is left behind. 

We have extensive yeast pedigrees in which the SU’/su genes segregate 
regularly, producing offspring half of which are fermenters of sucrose and 
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raffinose, and half of which are non-fermenters. We also have stocks distin- 
gyished by their ability and inability to ferment melibiose; ME su yeasts 
are completely incapable of fermenting raffinose. 


PRODUCTION OF CO. WHEN DIFFERENT SUGARS ARE USED IN THE FERMENTATION TUBES 
GENOTYPES MELIBIOSE SUCROSE RAFFINOSE 
ME SU + = si 
ME su + - - 
me SU - + a 


me su -_ = —_ 


Unless some evidence is forthcoming on differential permeabilities, these 
data indicate that (1) the hydrolysis of raffinose depends on the presence of 
sucrase, which is capable of hydrolyzing fructose from the raffinose mole- 
cule, leaving residual melibiose, (2) melibiase is not capable of hydrolyzing 
melibiose in the raffinose molecule, (3) the complete hydrolysis of raffinose 
depends on the presence of both melibiase and sucrase, the latter acting 


first. 

Alpha Glucosides.—In alpha methyl glucoside and maltose, glucose is 
linked to the molecule by an alpha glucoside bond. Alpha methyl glucoside 
is used as an indicator of maltase because of the widely accepted view that 
they are both hydrolyzed by the same enzyme. We have discovered, how- 
ever, that different genes control the ability to hydrolyze alpha methyl glu- 
coside and maltose. The gene controlling the hydrolysis of alpha methyl 
glucoside is segregated independently of that controlling the hydrolysis of 
maltose and four kinds of yeast genotypes are obtained from heterozygous 
hybrids: MG MA, Mg ma, mg MA and mg ma. 

The WG ma and mg MA genotypes are unexpected since alpha (methyl) 
glucosidase is supposedly capable of hydrolyzing both maltose and alpha 
methyl glucoside. It has frequently been shown that the same enzyme is 
capable of hydrolyzing both substances in vitro. The data which we present 
do not contradict this view; the alternative explanation would require that 
the membranes of non-fermenters are impermeable to the specific carbohy- 
drate. The possibility that maltose is toxic to the maltose non-fermenters 
has been tested and excluded by the fact that in mixtures of alpha methyl 
glucoside and maltose, the alpha methyl glucoside is fermented. ./G ma 
yeasts which are actively fermenting alpha methyl glucoside, when intro- 
duced into maltose, do not continue to ferment; the ma gene is a stable 
non-fermenter in the \/G ma type. 

The existence of this variety of genotypes suggests either (1) that specific- 
ally different enzymes control the hydrolysis of alpha methyl glucoside and 
maltose or (2) that the genes involved control specifically different perme- 
abilities. 

From heterozygous hybrids, we obtain eight kinds of progeny with re- 
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gard to the fermentation of alpha methyl glucoside, maltose and sucrose. 
Regularly segregating SU/su alleles can be introduced with the stock and 
members of each of the above four classes incapable of fermenting sucrose 
are available. 


We are indebted to Drs. S. Hestrin, J. O. Lampen, and Carl F. Cori for 
valuable criticism and helpful advice. 

* This work was ‘euperted by grants from Anheuser-Busch, Inc., American Cancer 
Society, and the U. S. Public Health Service. 
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Dr. Caroline Raut has eliminated the possibility that the MA and MG genes control 
permeability to maltose and alpha methyl glucoside by showing that the activities of 
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to the conclusion that the MA gene controls the rate of hydrolysis of maltose and has 
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A THEOREM ON CONVEX BODIES OF THE BRUNN-MINKOWSKI 
TYPE.“ 


By HERBERT BUSEMANN 
UNIVERSITY OF SOUTHERN CALIFORNIA, LoS ANGELES 


Communicated by S. Lefschetz, October 7, 1948 


The present note establishes a theorem on convex bodies in the n- 
dimensional Euclidean space E” which is a counterpart to the Brunn- 
Minkowski Theorem. The following formulation of the latter [compare 
Bonnesen-Fenchel, Theorie der konvexen Korper, Berlin, 1934 (quoted as 
B. F.), pp. 71, 72] will exhibit the analogy: 

In &” let K be a convex body with interior points and P a two-dimen- 
sional half-plane bounded by the line L. Let the hyperplane normal to L 
intersect K in the non-empty set H n K with (m — 1)-dimensional volume 
Vi a K). If Vv" ~ » (a KR) is laid off from the point H n Lon the 
ray Hn P, then the resulting curve in P is convex (and turns its con- 
cavity towards L). 

The present theorem is concerned with the intersection of K by pencils 
of non-parallel hyperplanes: 
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1. In E” let K bea convex body with interior points, L an (n — 2)-di- 
mensional linear space which intersects K, and P a 2-dimensional space 
normal to L ata point 0. Any half-hyperplane H bounded by L intersects 
K ina non-empty set II n K. If the (n — 1)-dimensional volume V(II n K) 
of H 1 K 1s laid off from 0 on the ray H  P then the resulting curve C is 
convex (C contains 0 in its interior if Z contains interior points of K, other- 
wise P lies on C). 

Both theorems remain true, but are trivial if K has no interior points. 

Notice the following Corollary of I: 

II. Let K be a convex body in E" with O as interior point and center. 
If for any hyperplane H through O the volume V(II n K) is laid off from O 
on the normal to H at O (in both directions), then the resulting surface S is 
convex. 

II follows from I because it suffices to know that the intersection of S 
with a two-dimensional plane P through 0 is a convex curve C’. But C’ 
originates from the C of I by revolving C in P about 0 through 7/2 and 
then dilating it in the ratio 2:1. 

The result II is decisive for the theory of area in Finsler spaces and 
more specifically in Minkowski (or finite dimensional Banach) spaces. 
Its applications will be found in the author's series of articles on ‘“‘Curva- 
ture and Angle in Non-Riemannian Spaces” which is appearing elsewhere. 

Theorem I is trivial for m = 2, so that m 2 3 will be assumed in the proof. 
It may also be assumed that Z contains interior points of A, because the 
other case follows from this gne by an obvious limit process. Then V(// 
n K) > 0 for every half-hyperplane // through L. 

Let r and { be non-opposite rays in P with origin 0, and q a ray with 
origin 0 in the angle with legs r and fj. Let the segment connecting the 
points rer, sef (r,s # 0) intersectaatg. If Z (t,q) = a’, Z (a, f) = B’ 
then the fact that the area of the t:’ -ngle ors equals the sum of the areas 
of the triangles org and ogs yields 


or os sin (a’ + 8’) = or oq sin a’ + 0g os sin p’, 
hence 
oq = or os sin (a’ + B’)/(or sin a’ + os sin 8’). (1) 


Let H,, H,, H, denote the half-hyperplanes bounded by Z and through 
t.{, q, respectively. Then (1) shows that I is equivalent to the statement 


sin (a’ + 6’) V(H, 9 K)V(H, 9 K) 
~ sin a’ V(H, K) + sin B’V(H, 9 K) 


Vi, 9 K) (2) 


With the notations a = sin a’, 8 = sin B’,6 = sin (a’ + 8’) and V(/I,n 
K) = D, V(\H,n K) = A, V(H,n K) = B, the relation (2) becomes 
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D 2 6AB/(aA + BB). (3) 


Let A,(B,) denote the set at which the (m — 2)-dimensional space 
parallel to L through the point r with or = x on r (s with os = y on f) 
intersects K. If A,(B,) is the (n — 2)-dimensional measure of A,(By,), 
then 


A= fA,dx B= /{B,y. 


Following the original idea of Brunn for the proof of the Brunn-Minkowski 
Theorem, we map the interval of r for which A, ¥ 0 on the interval of f 
for which B, ¥ 0 through the relations 


pA = fi*Adt pB = fy’ But, 
so that 
=<— O49 <1. (5) 
B, ‘ 
Since K is convex it contains for every p the convex closure C, of Ax,,) 
and By). Since A, and B, lie in (n — 2)-dimensional spaces parallel to 
L, the set C, lies in the hyperplane //, through these two spaces. H, 


intersects H, in an (m — 2)-dimensional space parallel to L and q itself in 
a point whose distance u(p) from 0 is by (1) 


u(p) = dx(p)y(p)/[ax(p) + By(p)], 


hence by (5) 


du 
dp (ax + py)? — (ax + By)? 


The intersection C,,) of C, with H, lies in D = H, N K because Cy) = 
C*,n H,¢c K nH,nH,= DH, Therefore, if C,,,) is the (nm — 2 
dimensional measure of C,,,), 


. aBx?By' + BAy*A,' 
D > f cain ~ sf Cur) — 2a —— dp. (8) 
0 (ax + By)? 


In the original triangle org we find, if V = Z ogr, that 


aniy +t Aye 


or:rqg = sin V:a, os:qs = sin (x — V):8, 
hence 
rg: qs = or-a:os-B. (9) 


If (9) is applied to the points q, 7, s with og = u(p), or = x(p), os = y(p) 
then rq: gs equals the ratio of the distances d,,d,of H, N H,fromH, n H 
andH, n H;: 
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d,:d, = ax: By. (10) 


Therefore the Brunn-Minkowski Theorem (compare B. F., p. 88) yields 
applied to A.,,), By,) and C,,) that 


By 


1/(n—2 2 1/(n—2 1/(n—2 
oer = 41-3) (n—2) 


ax + By” — 
hence by (8) and (11) 


1 
D2 if [ByAl"—® + axBl/—?)"—?(qBx?By) + 

0 

BAy*Az")(ax + By)—"dp. (12) 

Ir order to prove (3) it suffices to show that the integrand 1n (12) is for0 < 
p <1 not less than AB(aA + 8B)-'. A similar procedure as in the proof 
of the Brunn-Minkowski Theorem in B. F., p. 89, will be used. If ¢ = 
(n — 1)~—', then 


p yAl/(n—2) -B A/(n—2) _ — A‘ A, 1/(n —2) 
BYA, + axBy, = y+ eee 4 
J 


. B 1/(n —2) 
x'aB (ats =) 


aBx?  BAy?’ 54 F i. Oi Pe 

costs sel dpe ta) (7 pean Seo Ate | > gpceaiala 

et a 
Putting ¢ = x'*‘aB‘[x't‘aBt + y't*BA‘]—! the integrand in (12) may be 
written as 


A 1/(n—2) B, 1/(n—2)4n-2 
[a 7 (45) +t (acts) | ; 


Y ik aes B'~*,1-¢ (x! t*aB* 4. y tay" 

(1 — 2£) emete . ae” eee 

(ax + By) 

By Jensen's Inequality (compare Hardy, Littlewood, Polya, Inequalities, 


As By 
Cambridge, 1934, Theorem 16, p. 26) 


((1 — dal” + ta}”)"> [C1 — Day + taz']— 
forO0 <t<1l,a>0,v>0 (14) 





(13) 


and the equality sign holds only when a; = dp. 
Application of (14) to (13) with y = n — 2 yields that the integrand in 
(12) is at least 
(x! **aB* + y BAe! 7 ( 
(ax + By)” 


n—l 
1 
) ommmemeecoe, (35) 
ax + By ax + By 
Applying (14) again with vy = » — 1 = e“'andt = By(ax + Gy)! to the 
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first factor on the right in (15) yields that (15), and therefore the integrand 
in (12), is at least 
(==. + een) 1 a 
ax + By - @A + 6B 





ax + By 


which proves Theorem I. 

Conditions for the equality sign in (2) are important for several applica- 
tions. Because of the continuity of the functions involved, the equality 
sign in (2) requires the equality sign in (11) and in the two cases of Jensen’s 
Inequality. Moreover C,,) must coincide with D n H,. 

The equality sign holds in (11) only if the sets A,,,) and By) are homo- 
thetic (see B. F., pp. 72 and 88). The condition a; = a2 for equality-in (14) 
yields in the two cases , 

A,/A'~*ty'~* = B,/B'~*x'~* and xB = yA 


so that A, = B,,. 

Therefore A, and xB, are not only homothetic but congruent. The 
relation x:A = y:B shows then that A = H, n K can be transformed into 
B = H, 9 K by revolving A about L through a’ + 8’ and dilating it at 


the ratio B:A in the direction of jf. If w’ is the point of B into which 
the point w of A is mapped under this transformation, it is easily seen 
that the segments connecting w to w’ form a convex set / when w tranverses 
A, so that E is the convex closure of A uv B. Clearly the equality sign 
holds in (2) for K = E. Thus we find 

III. The equality sign holds in (2) if and only if H, N K can be trans- 
formed into H, nN K bya rotation about L and a subsequent dilation in the 
direction of j, and H, n K 1s the intersection of H, with the convex closure 
of H, N KandH, n K. 

From III and the fact that F is the union of the segments connecting 
w and w’ we obtain the following addition to II: 

IIa. The surface S in II is strictly convex if K is strictly convex. 

But III shows that the strict convexity of K is not a necessary condi- 


tion. 


THE n-ALITY THEORY OF RINGS 
By ALFRED L. FOSTER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT BERKELEY 
Communicated by G. C. Evans and read before the Academy, November 17, 1948 


1. Introduction.—The classic duality-symmetry which is exhibited 
by Boolean rings (and Boolean algebras), far from being characteristic of 
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this class, is actually a phenomenon inherent (though usually dormant) 
in all rings. This ring duality has been presented and variously explored 
in a series of papers.'~? 

The present communication is intended as a brief partial résumé dealing 
with extensions of this duality theory to n-ality, and more generally to 
K-ality theories, corresponding to various groups K of admissible ‘‘co- 
ordinate transformations.’’ The specialization K = C = complementation 
group, of order 2 (see §3), yields the original ring duality, which latter we 
now designate as simple, or mod K, to distinguish it from rival theories. 

The elevation of the simple theory to the general A-level, and a proper 
refinement thereof, throws new light on certain previous results on the 
C-level, particularly in connection with questions dealing with the (simple) 
logical-algebra definability of rings. However, the most important current 
results on the A-level center around the new concept, ring-logic (K). 
Roughly the latter is defined as a ring which both uniquely (equationally) 
determines and is uniquely (equationally) determined by its K-logical- 
algebra. On the simple level, for instance, a Boolean ring is a ring-logic 
(C), 

We introduce p-rings, a natural generalization of Boolean rings (which 
are coextensive with 2-rings), formulate their p-ality theory, and establish 
that 3-rings form a new class of ring-logics. These 3-ring-logics subsume 
the familiar 3-valued-logic; moreover, the relationship between the latter, 
general 3-rings, their logical algebras and the enveloping tri-ality theorem 
on the one hand, forms an exact generalization of the relationship between 
2-valued logic (= logic of propositions), general Boolean rings (= 2- 
rings), their logical algebras and the encompassing duality theory on the 
other. 

2. Fundamentals of the Simple Duality Theory.—lIf (R, +, X) is a ring 
(with unit), the concepts of R occur in dual pairs. For example, 0 and 1 
are dual elements; X, X’; +, +’; —, —’; *, are respective dual pairs 
of operations, the latter being self-dual, where 

aX’b=a+b-— (aX Dd) 
oxo =a) — (ax 
at+’b=a-+)0-1 
at+b=a+t’db-—’0O 
a-—-’b=a-—-6+1 
—-b=a-—’b+’O0 
a*=1l1-—-a=0-’‘a (self-dual) ring complement 


\ dual ring products 


{ dual ring sums 


\ dual ring differences 


Restricted for brevity to these concepts one has! ® the 
(SIMPLE) RING DuaLity THEOREM. Jf P(O, 1; X, &’; +, +’; -, 
—'; *) isa true proposition of a ring (R, +, X), then so also ts its dual 


dl. P = P(1,0; X',X; +',4+; -3-; % 
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obtained by replacing each argument by its dual, as indicated, with * left 
unchanged (self-dual). 
Illustrations of the duality theorem in an arbitrary ring are given by the 
various dual relations (2.1). Again, by 
(a X b)* = a* xX’ d* Y 
(a x’ b)* = a* X b* f 


GP kG OF =]: i* = 90 


> ring ‘‘De-Morgan”’ formulas. 


(R, +, X) is a ring with 0 as zero element and | as unit. 
(R, +’, X’) isa ring with 1 as zero element and 0 as unit. (2.4) 


As additional illustrations, in a Boolean ring (or, more generally, in a 
Boolean-like ring,!) one has 


a+ 6b = (a4 X b*) X’ (a* X D) 
a+'b = ‘(a <" b*) < (* X" Dd) (2.5) 
Again, in a field, for instance, 


ah =axX'bx’ (a° X 0) (a + 1,b = 1) 

_ Jat+1l=1+a =a xX'a" (a = 0, + 1) 

a + 6: fe hae Sl ate (a = 0, = 1) 
1+0=0+1=1 (2.6) 
(° +’b =a Xb xX (a' X’ dD) (a b + 0) 
a+’0 0+’a =a Xa" (a + ()) 


om 0-+0= aX a" <a" (a + ()) 
O+’1=1+’0=0 


(Here a' and @° are the X and X’ inverses of a, respectively.) 

If R is a Boolean ring, the dual products X, X’ reduce to the logical 
product, n, and logical sum, u, respectively; * to the Boolean comple- 
ment, ~, and duality and ‘‘De-Morgan” theorems to the corresponding 
Boolean theorems. 

With this latter specialization as motivation, in an arbitrary ring the 
(operationally closed) system (R, X, X’, *) was introduced in reference 1 
as the (simple) Jogical algebra, or briefly the logic of the ring. This is 
an illustration of a ‘‘mixed” concept; a ring in either of the forms (R, +, 
<x) or (R, +’, X’) is “pure,” that is, formulated within a single ‘“‘co- 
ordinate system,’”’ but “mixed” in the form (R, +, X, +’, X’, *). A 
(simple) logical concept of a ring is one definable in terms of the logical- 
algebra of the ring; a (simply) logically definable ring is one whose ring 
sum, +, and therefore the entire ring, is a simple logical (= C-logical) 
concept. It has been shown that Boolean rings,’ * ® Boolean-like rings,’ 
fields,* and integral domains are examples of C-logically definable rings. 


‘ 


3. General Transformation Theory.—lf U = }|..., x, ...} is a class 
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(with or without structure), g(x, y, ...) any multitation of (= operation 
of one or more arguments in) U’, and p(x) any permutation (= 1-1 mono- 
tation) of U, with inverse written p~, then in the ‘‘p codrdinate system”’ 
the “‘point’’ x receives the new ‘‘coérdinate’’ p(x), and the multitation 
‘becomes’ y,, where 


> = p(¢(p(x), p(y), ...). (3.1} 


Based on this simple extension of the “‘transform’’ concept, the traditional 
(a) transformation and invariant theories (various groups, tensors, ma- 
trices, etc.), in all of which the underlying (0) ‘‘computational’’ disciplines 
(analysis, arithmetic, a particular ring—in fact any operational algebra) 
are regarded as absolute invariants (unchanged by codrdinate transforma- 
tions), may be brought under a single unifying theory in which a given 
such “computational” discipline may itself profitably be thought of as 
transforming ‘“‘cogrediently,’”’ or sometimes ‘‘contragrediently’’ with 
changing ‘‘codrdinates.”’ 

We consider here only rings. If (R, +, X) isa ring and K a preassigned 
group of coérdinate transformations in (= permutations of) the set R, 
then in the p codrdinate system the basic ring operations become 


a+b—-a+,6 = p~(p(a) + p(d)) 


(3.2) 


o- 
aXb—-axX,6b = p~(p(a) X p(b)) 


Iif+,+’, +",... and X, X’, X”, ... are the (conjugate) classes {+,} 
and { X,} of all transforms (3.1) of + and of X by the various p e A, then 
(R, +, X), (R, +’, X’), ..., ete., denote the ‘‘same”’ ring, in different 
coérdinates, precisely as in the (subsumed special) case of tensors, ma- 
trices, etc., in different codrdinates. 

If, in particular, the admissible group A of coérdinate transformations 
is chosen as C (order 2), 


x, x** = x = identity, (3.3) 


the C-ality ring theory reduces to the original simple theory. Further 
specialized to a Boolean ring, for instance, the duality of logical-sum 
u(= xX’) and logical-product m (= X) is simply a way of saying that 
these are identical notions, expressed in different codrdinates. 

For general K the K-logical algebra (= K-logic) of a ring (R, +, X) is 
defined as the (operationally closed) system 


(R, ve a x a ) E; P, p’, vs nee, (3.4) 


whose operations are the various monotations (= identity), p, p’, p”, 
.. of K, and the (conjugate set of bitations) X, X’, X”, ... of transforms 
(3.1) of X by the &, p, p’, ... of K. 
Aringis: (a) K-logically definable if its ring sum, +, (and hence the whole 
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ring) is a K-logical concept; (5) K-logically equationally definable if its 
+ is compositionally generable by the K-logical operations X, X’, X’, 
.., &, p, p’, ..., Or, What is equivalent, if its + satisfies an identity 


a+ b= ¢(a, b) (3.5) 
a,b 


where ¢ is compositionally generable by a X )b, &(a)(= a), p(a), p’(a)...3 
(c) K-logically fixed if it is K-logically definable, and if no ring (R, +1, X) 
exists (on the same class R and with the same X, but with different ring 
sum + ,, = +), which is K-logically definable. 

On the C-level the following results are established: 

THeEorEM I. (1°) A Boolean ring 1s C-logically fixed and equationally 
definable. (2°) A Boolean-like ring is C-logically definable but not in 
general C-logically fixed. (3°) A field ts C-logically fixed, but not in general 
C-logically equationally definable. 

We introduce the concept ring-logic (K) as synonymous with a ring which 
is both K-logically fixed and equationally definable. The above Theorem 
asserts that a Boolean ring is a ring-logic (C), while a field, or a Boolean- 
like ring is generally not. In a ring-logic (K) we capture in generalized 
form the extreme intimacy between ring and logical algebra which, on the 
C-level, is exemplified by the class of Boolean ring-logics. The generalized 
parallelism is still closer when the K-ality theory which permeates ring 
and logic is recognized. 

4. p-Rings.—We arrive at a new class of ring-logics by considering 
p-rings, a natural generalization of Boolean rings. A p-ring (p = prime 
integer) is a commutative ring with unit (S, +, X), in which for alla eS 


a® =aXaX...Xa=a (4.1) 
pa =a+a+...+a=0 (4.2) 


Thus the concepts 2-ring and Boolean ring coincide; for p = 2, (4.2) 
follows from (4.1), but not for p > 2. For given p, the simplest p-ring is 
(F,, + X), the field of residues mod p. As in the special Boolean case, 
all finite p-rings are direct products 


F,X F,XF,X...XF, (4.3) 


of the prime field F,, and hence have p‘ elements. We here omit con- 
siderations of general ideal structure. 

The ‘‘cyclic negation group” N (of order #) of a p-ring is the cyclic group 
generated by x‘, 


w=lt+er (4.4) 


(For 2-rings N is seen to be identical with C, sincex* = 1+ x=1—-x= 
x* in a Boolean ring.) 
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Since we here consider only the above group N of coérdinate transforma- 
tions in a p-ring, we may omit reference to it. Thus, p-ality <> p-ality 
(N), ete. 

Eack p-ring has a p-ality theory, that is, each concept or proposition of 
the ring is one of a p-al set of p such concepts (or is self p-al, i.e., the same 
in all admissible coédrdinates). For convenience, however, we shall deal 
with the /ri-ality case (p = 3), from which the form of the general p-ality 
theorem will at once be clear. For p = 3 we abbreviate x“ = x’, and 
hence 


xv = xv ae aaa _ avw =x 


4.5 
OS ae VY ee 4.5) 


From (3.1) and (4.4) the tri-als if the ring product X are given by: 


aX’'’b=(A XY =axd4+a4+d0 


and similarly 


a+t+’b (a® + d*)v 
a+"}b = (av+ bY) = SAA) 
a-—'b=(@-—- = (4.7) 


a —"b = (av — bY)‘ = 


In a formula a ‘‘multiplicative’ constant, such as the 2 in 2 (a + 8) is 
an apparent (or removable) constant, 


2a+6)=at+b4+at+d 


An ‘‘additive’’ constant is real. 
THEOREM II. Trt-ality Theorem for 3-Rings. 
Let 


P(O, Pe Ps x; eC > Gall +, +’, +”; ai —', —’"; y) 
be any true proposition in a 3-ring, S, where P involves no apparent constants 
Then each of the propositions tri-al to P, 
Pm PUG Kh PR ee as 


, , 


Pp” = P(1,2,0; x", XX; +74. —2--5 SY) on 


obtained by (a) leaving each of the operations “: VY unchanged, (b) applying any 
cyclic permutation ‘‘cogrediently”’ to all other operations, and (c) the ‘‘contra- 
gredient’”’ (= inverse) permutation to the real constants, is again a true prop- 
osition of S. 

The “‘contragredient’’ element is not apparent in the duality case p = 2, 
since in this special case x* = xv = x* is its own inverse. The self-tri-ality 
of * as well as is similar to the situation for * in the Boolean case. 
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Of the multitude of illustrations of the tri-ality theorem in any 3-ring 
we can here mention only two of the simplest. 
THEOREM III. Transformation Theorem (or ‘‘De Morgan’’ Formulas) 
for 3-Rings. In any 3-ring, 
XR = EME = OSCE 
aX" b = (a¥ X BY)* = (a x’ (4.9) 
axb = (a x’ WY = (a’ x’ bY) 


These are the equations of ‘‘conversion’’ from each permissible coérdinate 
system to any other such. Similarly the conversion formulas for the tri-al 
ring sums and differences are given by 

THEOREM IV. In any 3-ring, 


+’6 =at+d+1 =a+’"d+’0 
+"b =a+0+2 at+’b+’'O 
+b =a+"b+"2 a+’bdb+’1l1 
—'’b =a-—-b-1 a—"b—"0O 
—"b=a-b-—-2? =a-'b-’'O 
—-b =a-—-"b—"2=a-'b—-'!l 


5. 3-Ring-Logics.—For 3-rings, always referring to the cyclic negation 
group NV (of order 3), we have established 

THEOREM V. Each 3-ring (S, +, X) ts a ring-logic, with + logically 
definable by the equation 


a+b = ab’ xX’ ad X’ a*b? (5.1) 


This theorem may readily be tri-alized. 
Since N = C for Boolean rings (= 2 rings), if one compares (5.1) with 
the corresponding formula for 2-rings, namely 


a+b = ab x'a% 


it is found that neither ‘‘covers’’ the other, that is, neither reduces to the 
correct formula for + in the other ring. It is conjectured that no (other) 
equational and logical definitions of + for p = 2and p = 3 exist which cover 
each other, and similar conjectures seem reasonable for p-rings and p’- 
rings, for p = p’. 

Exactly as the logic of propositions (= 2-valued logic) is mathematically 
equivalent to the simplest 2-ring (= field-logic F2), so the 3-valued logic is 
mathematically equivalent to the simplest 3-ring, the field-logic F;3. In 
3-valued logic the ‘logical language’’ is (F3, X, X’, X”, *, Y), while the 
“ring language” is (F3, +, X). The tri-ality theorem reigns over both of 
these, as it does over any 3-ring-logic, and throws new light on the 3-valued 
logic. We cannot enter into the details of this here. 

One of a number of basic questions opened up by the foregoing theory 
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and not yet completely settled, is the following: Given a ring R, is there 
at least one group K which is fully adapted to R, that is, which will convert 
R into a ring-logic (K)? 

1 Foster, A. L., “The Theory of Boolean-Like Rings,” Trans. Am. Math. Soc., 59, 
166-187 (1946). 

? Foster, A. L., ‘The Idempotent Elements of a Commutative Ring Form a Boolean 
Algebra; Ring Duality and Transformation Theory,’’ Duke Math. J., 12, 143-152 
(1945). 

3 “Maximal Idempotent Sets in a Ring with Unit,’’ Jbid., 13, 247-258 (1946). 

4 Foster, A. L., “On the Permutational Representation of General Sets of Operations 
by Partition Lattices,’ to appear in Trans. Am. Math. Soc., June, 1949. 

5 Foster, A. L., and Bernstein, B. A., “Symmetric Approach to Commutative Rings 
with Duality Theorem: Boolean Duality as Special Case,”’ Duke Math. J., 11, 603-616 
(1944). 

6 Foster, A. L., and Bernstein, B. A., ‘‘A Dual Symmetric Definition of Field,”’ Am. 
J. Math., 67, 329-349 (1945). 

7 Harary, F., ‘‘The Structure of Boolean-Like Rings,’ 
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ON A THEOREM OF DIEUDONNE 
By PAuL R. HALMOos 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO 


Communicated by A. A. Albert, November 12, 1948 


1. The fact that a measure preserving transformation may be decom- 
posed into ergodic parts was proved first by von Neumann, under the 
assumption that the domain of the transformation is an m-space (= a com- 
plete, separable, metric space with a regular measure).! Several years 
later I defined the concept of direct sum for measure spaces and, in terms of 
this concept, proved a more general decomposition theorem for measure 
spaces subject to certain separability restrictions.” My proof rested on a 
lemma, stated by Doob, concerning the existence of certain measures on 
such measure spaces. It was recently pointed out by Dieudonné that 
Doob’s lemma and my decomposition theorem are both false.* The 
situation, in greater detail, is that my proof of the decomposition theorem is 
valid for a measure space if and only if the conclusion of Dood’s lemma is 
correct for that space. An examination of Doob’s proof shows that his 
conclt:sion is certainly correct if the measure space in question is the unit 
interval. Since, however, there is a wide class of measure spaces (called 
normal) for which it is known that they may be put into one to one measure 
preserving correspondence with the unit interval,‘ a large part of my 
original decomposition theorem is saved—all that has to be done is to re- 
place the original separability assumption by the assumption of normality. 
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Since every non-atomic m-space is normal, and since the few additional 
considerations required by the possibly atomic case are trivial, my treat- 
ment for normal spaces still constitutes a generalization of von Neumann’s 
theorem and a simplification of his proof. 

In addition to finding the error in the decomposition theorem as originally 
stated, Dieudonné has also proposed two partial replacements of it.® 
Since the second of these deals with compact (and a fortiori complete) 
metric spaces, it follows from the remarks in the preceding paragraph that 
that theorem is in fact a special case of the decomposition theorem for 
normal spaces. Dieudonné’s first theorem, however, is a very beautiful 
and powerful addition to decomposition theory. Since his proof of this 
theorem rests on some earlier theorems of his concerning Banach space 
valued integrals, I propose in this note to offer another, somewhat simpler, 
and more direct proof and to make some comments about the relation of the 
result to previously known facts. 

2. Let Y be a totally disconnected, compact Hausdorff space and let E 
be the class of all open-closed subsets of Y. Let B be the smallest Boolean 
a-algebra of sets containing E: the sets in B are called the Bazre sets of Y. 
A Batre measure in Y is a finite (countably additive) measure on B. For 
every Baire measure uv in Y and for every Baire set B, 


u(B) = sup{u(K):B > Ke K} = inf{u(U):B ¢ Ue U}, 


where K is the class of all compact Baire sets and U is the class of all open 
Baire sets; these relations are usually expressed by saying that every Baire 
measure is regular. If an open-closed subset of Y is the union of a class of 
open-closed sets, then, by compactness, all but a finite number of members 
of the class must be empty. It follows that every non-negative, finite and 
finitely additive set function defined on the class of all open-closed subsets 
of Y is in a vacuous sense countably additive on this class and hence that it 
has a unique extension to a Baire measure in Y. A Baire measure pin Y is 
positive if u(E) > O for every E in E (and hence u(U) > O for every Uin U). 
If the space Y has the property that the class E of all open-closed sets is a o- 
lattice, and if u is a positive Baire measure in Y, then the pair (Y, u) will be 
called a Kakutani space. Equivalently, a Kakutani space is a totally dis- 
connected, compact Hausdorff space with a positive Baire measure and 
with the property that corresponding to any countable class of open-closed 
sets there is a least open-closed set containing them all. If Bisa Baire set 
in a Kakutani space (Y, u), then there exists a unique open-closed set E in’ Y 
such that u(B 4 FE) = 0 (where Ba E = (B — E) u (E — B) is the sym- 
metric difference of B and E). A Boolean o-algebra J of Baire sets (i.e., a 
o-subalgebra of the algebra B of all Baire sets) will be called full if for each 
Bin J the open-closed set E for which u(B 4 E) = Oisalso contained in J. 
Let A be an abstract Boolean o-algebra, let \ be a finite measure on A, and 
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denote by A/\ the quotient algebra of A modulo the ¢-ideal of all those 
elements A for which \(A) = 0. By Stone’s theorem there exist a totally 
disconnected compact Hausdorff space Y and a one-to-one mapping ® (the 
Stone mapping) from A/) onto the class E of all open-closed subsets of Y 
such that ® preserves all finite Boolean operations. If u(£) is defined fo1 
every £ in E, by u(E) = (@~"(E)) then yw has a unique extension to a 
positive Baire measure in Y. It is easy to verify that (Y, u) isa Kakutani 
space; it will be called the Kakutani space associated with A and Xd. It 
may be remarked that by combining ® with the natural homomorphism 
from the algebra A onto the quotient algebra A/X one obtains a homo- 
morphic mapping of A onto E; it is convenient and harmless to use the 
same symbol, i.e., ®, for this mapping as for the original isomorphism. 
While with the new interpretation of ® it is no longer true that if ®(4,) = 
$(A,), then A; = Ag, a similar and equally useful statement is still true: 
if 6(A,;) = &(A2), then A; = A2 [A], where the equality of A; and Az modulo 
\ is of course defined by \(A; 4 As) = 0. 

The construction in the preceding paragraph is of particular interest 
when applied to a finite measure space (X, A, \), i.e., when A is a Boolean 
o-algebra of subsets of a set XY. In this case it may be shown’ that the 
mapping ©, when viewed as a mapping between characteristic functions, 
has a unique extension, which may also be denoted by ® and which maps 
each essentially bounded, real valued, measurable function f on X into a 
real valued, continuous function g on Y so that 


Plaifi + af.) = arP(fi) + aP(fr), 

(fife) = (fi) P(fe), 

if f = 0 [A|, then O(f) 2 0, and 

if ®(f) = g, then |!f||, = ||g|!, where 

= inf{k:({x:| f (x)|> R}) = O} and Iig'! = inf {k: {y:|g(y)|> k} = 0}. 


3. In the language and notation introduced above, Dieudonné’s funda- 
mental decomposition theorem may be stated as follows. : 

Tueorem. If (Y, uw) is a Kakutani space and if J is a full Boolean o- 
algebra of Batre sets, then there exist a Kakutani space (Z, v), a continuous 
mapping x from Y onto Z, and, for each zin Z, a Batre measure 2 in m—'(z) 
such that the set transformation induced by x is a one-to-one mapping from Jn 
E onto the class F of all open-closed sets in Z and such that, for every open- 
closed set Ein Y (i.e., for every Ein E), 


uW(E) = Sw(E an 27 (z))dv(z).8 


Proof: Let (Z, v) be the Kakutani space associated with J and yw and 
denote the corresponding Stone mapping (from sets and functions of Y onto 
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sets and functions of Z) by II. Consider for each point y in Y the class of 
all those setsin J mn Ewhich contain y. Since II is a Boolean isomorphism 
between J n E and F, the image under TI of this class of sets has the finite 
intersection property and, consequently, the sets of this image class have a 
non-empty intersection. Since, moreover, any two distinct points of Z 
may be separated by disjoint open-closed sets, it follows that this intersec- 
tion consists of exactly one point z, and that therefore a transformation + 
from Y into Z is uniquely defined by r(y) = z. It is easy to see that r 
n..ps Y onto Z and, since the set transformation induced by m coincides 
with II, that 7 is continuous. All that remains to be done is to construct 
the measures y’ and to establish the integral formula. 

Consider, for each E in E, the set function yg on J defined, for J in J, by 
ue(J) = w(E nm J). Since ug is absolutely continuous with respect to yp, it 
follows from the Radon-Nikodym theorem that there exists a bounded, 
non-negative function pg on Y such that pg is measurable with respect to J 
and such that 


WE an J) = SZ prwly)duly) 


for every J in J. . Write qg = II(pz); it is sometimes convenient to write 
q(E, z) or q*(£) for gg(z). Itis clear from the definition of g that 


KE an J) = Say QE, 2)dr(z) 


for every EF in Eand J in J. 

Since pz,(v) + pe(y) = Pe vy m(y) [u] whenever E, and EF; are disjoint 
open-closed subsets of Y, it follows from the fact that g is a continuous 
function of its second argument that the set function q’ is finitely additive 
on Eforeachzin Z. Each set function g’ has therefore a unique extension, 
which may also bé denoted by q’, to a Baire measure in Y. 

The proof is almost complete. If yu’ is defined, for each Baire set B, in 
m—'(z), by u*(B.) = q(B., 2), then it is clear that yu’ isa Baire measure. If it 
were known that, for every £ in E, 


w(E an 2r—(z)) 
the desired integral formula would follow from the defining properties of 
the functions pand gq. Since the last written relation is equivalent to 

QE, z) = (En x-s)), 


the proof can be completed by showing that g*(E — m~!(z)) = 0 for every z 
in Z. Since qg’ is a Baire measure, and therefore regular, it is sufficient to 
prove that g°(K) = 0 for every compact Baire set K which is disjoint from 
m—'(z). Since r(K) is a compact subset of Z which does not contain z 
there exist two disjoint open-closed sets F and G in Z such that r(K) ¢ F 
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andzeG. Since r~'(F) « Eand r~(G) ¢ J (in fact both sets r—'(F) and 
x~'(G) belong to both classes E and J), it follows that 


0. = u(a-(F) a x-\G)) = JG q(e-(F), 2)dr(z). 


Since g is a continuous function of its second argument, it follows, finally, 
that q°(K) S q*(x~'(F)) = q(x~"(F), 2) = 0, and the proof of the theorem is 
complete. 

4. One of the most important applications of this result is to the case in 
which J is the class of all Baire sets invariant under a measure preserving 
homeomorphism S of Y onto itself ;. in this case the induced transformation 3 
S, on the spaces r~!(z) are the ergodic components of S. If T is a one to 
one measure preserving transformation of a finite measure space (X, A, \) 
onto itself, then there exists a measure preserving homeomorphism S on the 
associated Kakutani space Y such that A; = TA; [A] if and only if ®(A,) = 
S(A.).° In other words, every measure preserving transformation may be 
represented, modulo sets of measure zero, as a measure preserving homeo- 
morphism on a Kakutani space, and consequently Dieudonné’s theorem 
yields a solution of the general problem of decomposing a measure preserv- 
ing transformation into ergodic parts. This solution is better than previous 
solutions in that it does not depend on any assumptions of separability and 
in that it applies not only to cyclic and one-parameter groups but to arbi- 
trary groups of measure preserving transformations. 


1 Ann. Math., 33, 587-642 (1932). 

2 Duke Math. J., 8, 386-392 (1941). 

3 Ann. Univ. Grenoble, 23, 25-53 (1948). In the sequel this paper will be denoted 
by D. 

* Ann. Math., 43, 332-350 (1942). 

5D, Theorems 4 and 5. ; 

6 A proof of this statement and a complete discussion of the concept of regularity will 
appear in my forthcoming book entitled Measure Theory. 

7D, p. 27. 

8 In Dieudonné’s formulation of this theorem an arbitrary real valued, continuous 
function appears in place of the arbitrary open-closed set E. It is easy to reconstruct 
his statement from mine by means of a familiar approximation argument. 

*D, p. 51. 
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OSCULATING CONICS OF THE INTEGRAL CURVES OF THIRD 
ORDER DIFFERENTIAL EQUATIONS OF THE TYPE (G)* 


By EDWARD KASNER AND JOHN De Cicco 


DEPARTMENTS OF MATHEMATICS, COLUMBIA UNIVERSITY, NEW YorRK, AND ILLINOIS 
INSTITUTE OF TECHNOLOGY, CHICAGO 


Communicated November 1, 1948 


1. Third-Order Differential Equations of the Type (G).—The importance 
in geometry and physics of third order differential equations of the type 


(G), 
= G(x, y, y’)y"’ + H(x, y, y’)y’” (1) 


has been brought out in previous papers.’ 

Perhaps the most important case is the system S, of ~* curves in a 
positional or generalized fieid of force.? A system S, consists of curves 
along which a constrained motion is possible so that the pressure P is 
proportional to the normal component N of the force vector. Thus P = 
kN where k(#—1) is the constant factor of proportionality. 

The systems S, of physical interest are (a2) dynamical trajectories where 
k = 0, (b) general catenaries where k = 1, (c) brachistochrones where 
k = —2, and (d) velocity curves where k = ~. 

Other cases of the type (G) are the ~* plane sections of a surface in 
ordinary space* and the * curvature trajectories of a given family of 
o* curves in the plane.‘ 

2. Summary of Results.—The systematic development of the osculating 
parabolas (four point contact) of systems of * curves of the type (G) 
with special emphasis on the systems S, has been given by Kasner. In the 
present paper, we shall begin the study of the osculating conics (five point 
contact) for the type (G). 

The ~! osculating conics constructed at a lineal element E to the o! 
curves of a system of the type (G) passing through E£, not only pass through 
FE, but also touch another conic section in general position. Their centers 
describe still another conic section passing through the point of E. The 
foci of these conic sections describe an algebraic curve of the sixth degree 
with a singular point of fourth order at the point of E. 

3. The Osculating Conics of a System of ~* Curves of the Type (G).- 
The osculating conics of a single curve y = f(x) are given by 


Qy’"4X?2 + 6y'2y/"X(Y ae y'X) ae (3y’'y" a 4y’""2)(Y ore y'X)? an 
18y’"8(Y — y’X) = 0, (2) 


where (X, Y) are the running coérdinates of a point on the conic relative 
to the point (x, y = f(x)) on the curve. 
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Upon substituting (1) into (2), it is found that the osculating conics of a 
system of ~* curves of the type (G) are 


9y'"2X? + by’ (G + Hy")X(¥ — y'X) + (a + By” + vy’) X 
(Y — y'X)? — 18y’"(Y — y’X) = 0, (8) 


where 


a = —G?+ 3(G, + 9’G,), 
8 = GH+ 3(G, + H, + y'H,), (4) 
y = 2H? + 3Hy. 


The conic (3) is degenerate if and only if the curvature of the curve is 
zero. In this case, the conic becomes the line Y = y’X counted twice. 

The conic (3) is an ellipse, parabola, hyperbola according as the expres- 
sion, 


Gt Sy ~ ere +o". (5) 


is negative, zero, positive. Thus at a lineal element E(x, y, y’), there are 
at most two integral curves which are hyperosculated by their osculating 
parabolas. 

In the class of all differential equations of third order of the type (G), 
the subclass for which y = H?, or H*? + 3H, = 0, is of particular interest 
as this subclass contains the systems of »* dynamical trajectories of a 
positional field of force. 

In this particular subclass, there is, at most, one integral curve through 
a lineal element E which is hyperosculated by its osculating parabola. 

4. The Envelope of the Family of Conics (3).—The equation (3) is quad- 
ratic in y’’. Upon setting the discriminant of the quadratic equation in 
y’’ equal to zero, the following result is obtained. 

THEOREM 1. Consider the ~' integral curves of a third order differential 
equation of the type (G) which pass through a lineal element E. The ~' 
osculating conics constructed at E to these curves, not only pass through E, 
but also touch the conic section 


36(a — G?)X? + 12(2Ha — GB)X(Y — y'X) + (4e7 — B°)(Y — y’X)? + 
36[6GX + B(Y — y’X)] — 324 =0. (6) 


The conic section (6) is degenerate only in the following two cases: 

(a) The case where a = O, or 3(G, + y’G,) = G*. In this case, the 
conics (3) form a linear family in point coérdinates. They are all tangent 
at the lineal element E and pass through two other points given as the inter- 
sections of the following loci 


9X? + 6HX(Y — y'X) + y(¥ — y’'X)? =0, 
6GX + B(Y — y’X)- 18 = 0. (7) 
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(b) Thecase where y = H®, or H®? + 3H, = 0. Here the conics (4) form 
a linear family in line coérdinates. They are all tangent at the lineal 
element £ and are tangent to the two straight lines 
+2a'*[3X + H(Y — y’X)] = 6GX + B(Y — y’X) — 18. (8) 
These two straight lines intersect in the point 
X + 4Y — y’X) = 6(—H + 31)/(8 — 2GH). (9) 
The two lines (8) may be real and distinct, or real and coincident, or 
conjugate imaginary, or the line at infinity. 
5. The Central Locus of the Family of Conics (3).—The equations for the 
center (X, Y) of the conic (3) are 
By’ [By"’ — y'(G + Hy")|X + [By (G + Hy’) — y'(a+ By" + vy’”?)] X 
(Y — y’X) + 9y’y’”’ = 0, (10) 
3y'(G + Hy"")X + (a + By” + vy’")(Y — y’X) — Sy” = 0. 
THEOREM 2. The centers of the ~' conics described in Theorem 1, generate 
the conic section 
9(a — G?)X? + 3(2aH — BG)X(Y — y’X) + (yG? + aH? — BGH) X 
(Y — y’X)? + 9G[BX + H(Y — y’X)] = 0, (11) 
which passes through the point of E in the direction of slope y' — 3/H. 
The conic section (11) is degenerate only in the following two cases: 


(a) The case whereG = 0. Here the conic section (11) is the straight 
line 


3X + H(Y — y’X) = 0, (12) 
counted twice. 
(b) The case where y = H*, or H*? + 3H, = 0. In this case, the conic 
section (11) consists of the straight line (12) and the straight line 


3(a — G2)X + [H(a + G2) — BG](Y — y'X) + 9G =0. (13) 
6. The Focal Locus of the Family of Conics (3). There is no loss in 
generality by taking y’ = Oin (3). The foci of the conic (3) is given by the 
equation in Z = X + t¥Y, 
[(a+ By’ + yy’) — (G+ Hy"’)*]Z? + 6[G + Hy” — 3ty’’] X 
Z-9=0 (14) 
THEOREM 3. The foci of the ~' conics described in Theorem 1, generate 
the algebraic curve of sixth degree 
(a — G*)(X? + Y*)*(38X + HY)? — (8 — 2GH)Y(3X + HY) X 
(X? + ¥?) (G(X? + Y?) — 3X] + (y — HM) Y*[G(X? + Y?) — 3X}? + 
9(3X + HY)(X?2 + Y*)[2G(X? + Y¥?) — 3X + HY] =0, (15) 
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with double points at the circular points I and J at infinity and a singular 
point of fourth order at the point of E. 
In the case where y = //? or H? + 3H, = 0, it is found that the focal 
locus is the cubic curve 
(a — G*)(X? + ¥?*)(3X + HY) — (8 — 2GH) Y[G(X? + Y?) — 3X] + 
9[2G(X? + Y*) — 3X + HY] =0, (16) 
with two minimal tangent lines and an ordinary point at the point of E. 
The cubic curve (16) is degenerate only when 


9 9G 
B — 2GH = af —-G)=- = (H? + 9). (17) 
G H 


In this case it consists of the straight line 3Y — HY = 0, and the null 
circle with center at 


Xb me eee (18) 
GU? + 9) 


The simplest physical theorem of the present paper is that the locus of 
centers of the osculating conics connected with dynamical trajectortes is always 
a straight line; and these osculating conics touch two straight lines which in- 
tersect on the line of force. This is easily verified for the Newtonian field 
(Kepler orbits). 

* Presented to the American Mathematical Society, 1948. 

1 Kasner, “Differential-Geometric Aspects of Dynamics,” Amer. Math. Soc. Publica- 
tions, 1913, 1934. See a series of papers in the Trans. Amer. Math. Soc., 1906-1910. 

2? Kasner and De Cicco, ‘‘Physical Curves in Generalized Fields of Force,’’ Proc. 
NaT. ACAD. Scr., 33, 169-172 (1948). 

3 Kasner, ‘‘Dynamical Trajectories and the 4 Plane Sections of a Surface,” /bid., 17, 
370-376 (1931). 

* Kasner, ‘‘Dynamical Trajectories and Curvature Trajectories,” Bull. Amer. Math 
Soc., 44, 449-455 (1934). De Cicco, ‘‘Dynamical and Curvature Trajectories in Space,”’ 
Trans. Amer. Math. Soc., 57, 270-286 (1945). 


REMARK CONCERNING INTEGRATION 
By E. J. McSHANE 
SCHOOL OF MATHEMATICS, UNIVERSITY OF VIRGINIA 
Communicated November 23, 1948 


M. H. Stone has communicated! a scheme of defining an integral, closely 
related to the Daniell definition® and affording unusually simple proofs of 
the main theorems. However, with this definition it seems impossible to 
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prove in full strength the theorem on the representation in integral form 
of the general bounded linear functional over the space of continuous func- 
tions on a locally compact Hausdorff space. The purpose of the present 
note is to propose a modification of Stone's definition which introduces no 
new difficulties and removes the difficulty just mentioned. 

Our postulates are the following, closely resembling those of Daniell and 
those of Stone. 


(la) @isanon-void class of real functions on a non-void domain X, sucn 
that whenever r 1s real and ¢ and y are in &, the functions re, g + ¥ 
and sup (¢, ¥) arealsoin ©. (The last is the function whose value 
at x e X is the greater of ¢(x) and y(x).) It follows that if ¢ e G, 
so is |y| = sup(y, —¢). 

(1b) Esa real function on © such that if r is real and g and y are in &, 
E(re) = rE(¢), Ele + ¥) = Ely) + EW), Elle!) = 0. 


If as usual we understand ¢ 2 y to mean ¢(x) 2 (x) for all x « X, the 
class of all real functions on X is partially ordered. More than this, it is 
directed, for if f, g are real on X, then sup(f, g) 2 fand2 g. Likewise, by 
(la) the set € is directed. If Aisa directed set of functions f on X, we de- 
note by lim(f| A, 2) the function whose value at x « X is the Moore-Smith’ 
limit of the functional values f(x) (fe A) with respect to the partial ordering 
>. Likewise, if A ¢ © we define lim(E(f)|A, 2) as the corresponding 
Moore-Smith limit. These limits coincide with sup(ylg « A) and sup 
(E(¢)|,¢ € A), respectively. 

Our second postulate is 


(2) Ifpe€and Aisa directed subset of & such that lim(¢| A, =) = y, then 
lim(E(¢)| A,2)2 E(y). This is easily seen to be equivalent to 

(3) If «Cand Aisa directed set of non-negative ¢ « ©, and lim(¢| A, 
=)2 y, then lim(E(¢)| A,2)2 E(y). For if (3) holdsand A isasin 
(2), let goe S, and let Ao be the set [o — goige A, ¢= go]. Thisisa 
directed subset of € with limit => yy — g. By (3), lim(E(¢ — go) !¢ € 
Ao) 2 E(w — go), and (2) holds. 
If f is extended-real (allowing + © and — ~ as funetional values), 
and there is a directed set A of non-negative ge © such that 
lim(y| A, 2) = | f|, we define the norm V(f) to be 
N(f) = inf lim(E(¢)| A, 2)| A a directed set of non-negative ge & 
such that lim(g| A, 2) =| f\); 
if no such directed set A exists, we define V(f) = +o. 


The first, second, fourth and fifth of the properties 


(5) 0S Nf) S @, 
(6) N(rf) = |r|N(f) unless r = Oand N(f) = +2, 
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(7) Ifls ar implies N(f) < EM), 


(8) Mf) = XQ), 
(9) ge € implies N(v) = E(\¢}) 


are easily established; the last requires the use of (2). To establish (7), 
let « be an arbitrary positive number, and for each positive integer m let A, 
be a directed subset of © such that lim(¢; A,, 2) 2 | fr| and lim(E(¢)| A. 
=)2 N(fr) + 2-"e. Let A be the aggregate of sums of finitely many func- 
tions all chosen from different A,. Since each A, is directed, sois A. It is 


easy to show that lim(¢| Ah | f| and lim(E(¢)| A, aS YM (fn) + 
n=1 


e, whence (7) follows. 

From this point on, Stone’s paper can be followed without change. § is 
defined to be the class of functions on X with finite norm, functions f and g 
being identified if V(f — g) = 0. is the closure of € in §, and the defini- 
tion of the integral is equivalent to defining L(f) (f « 2) as lim E(¢) (¢ « FE; 
N(f — ¢) 0). 


We now establish a lemma exhibiting a class of summable functions. 


(10) Let A be a subset of ©, directed with respect to 2, on which E is 
bounded. Define f = lim(y|A, =). Then f is summable, and its 
integral is L(f) = lim(E(¢)| A, 2). Herein the order relation = may 
be everywhere replaced by S. 


For let « be positive. There isa yin Asuch that E(y) > lim(E(¢) | A,2)- 
e. Let Ao be the aggregate of functions 6 = e-y, where ge Aand ¢2 y. 
This is a directed subset of ©, and lim(6)Ao,, 2) = f — y, and lim 
(E(6)| Ao, =) = lim(E(¢)| A, 2) — E(v) <«. Hence N(f — y) < ¢,and fis 
in the closure Y of G, that is, fis summable. The statement concerning < 
follows by change of sign. 

One might suspect that (10) could be generalized by letting A be a di- 
rected subset of 2 on which L is bounded. This is false. Let X be the 
interval [0, 1], € the class of continuous functions, E(¢) the Riemann inte- 
gralof ¢; then L(.) isthe Lebesgue integral. Let f be a positive-valuednon- 
measurable function, A the class of functions < f on Y which vanish except 
on a finite subset of X¥. ‘Then A is a directed subset of and L vanishes on 
A; but lim(¢) A, =) = f, which is not summable. 

If all directed sets A in the preceding definitions are required to be count- 
able, our definition reduces to that of Stone; if Ais directed with respect to 
= and is countable, A = [¢1, g, ...], we define Y, = sup(¢i, ..., gn), and 
then the sequential limits of y, and E(y,) are the same as lim(¢| A, >) and 
lim(E(¢)! A, =), respectively. In many examples, there is a countable sub- 
set & of © such that for each ¢ e © there is a directed subset Ap of Gp such 





VoL. 35, 1949 MATHEMATICS: E. J. McSHANE 49 


that lim(y|y € Ao) = ¢ and lim(E(y)\p € Mo) = E(¢). Under these circum- 
stances each directed subset A of € can be replaced by a countable subset 
having the same limits for g and E(g). Then the present definition coin- 
cides with Stone’s. ° 

If X is [0, 1], € the continuous functions on X and E the Riemann in- 
tegral, our definition and Stone’s yield L(.) as the Lebesgue integral. But 
if € consists of all step-functions, the preceding example shows that our (2) 
is not satisfied. ‘Stone’s (2) holds, and he again obtains the Lebesgue 
integral. 

Now let X be a locally compact Hausdorff space and € the collection of 
functions continuous on X and vanishing except on acompact set. Then € 
satisfies (la). Let E on € satisfy (1b). To show that (3) holds, denote by 
K the closure of the set of x on which ¥(x) > 0. For each positive e, there 
is a non-negative ¢o e € which is positive on K and has E(¢;) <e«. Since K 
is compact, there are finitely many ¢, € A such that the sets [x] ¢,(x) > 
v(x) — go(x)] cover K, whence lim(E(¢)| A, 2)2 E(w) — «, and (3) follows. 
Now the preceding discussion guarantees the existence of a functional L(.) 
with the fundamental properties of the Lebesgue integral. 

In his second note Stone hasdefineda concept of measurability of functions 
such that f= 0 is measurable if and only if min (f,g) is summable for all sum- 
mable g= 0. The measurable sets are those with measurable characteristic 
function; the measure is the integral of the characteristic function when 
this exists. This measure possesses the properties commonly expected. We 
wish to show that every Borel set is measurable. It suffices to show that 
every open set G has a measurable characteristic function fg. For xo in G, 
there is a function ge € such that 0S ¢S fe, (xo) = 1. Sotheset A of all 
non-negative elementary functions < f; is a directed system with limit fo. 
Let g be non-negative and summable, m a positive integer; then there is a 
directed system A, of non-negative functions of © such that g, = lim(¢| An, 
2)2 gand lim(E(¢)| A,,2)<L(g)+1/n. Theset A,* of all functions min 
(h,k) he A,, ke A is directed with respect to 2 and its limit is min (fogn)> 
which is summable by (10). By the majorized convergence theorem min 
(fego) is summable, where go = lim min(gi, ..., g,). But go= gand L(go) = 

Ty «3 
L(g), so go and g are almost everywhere equal. Hence min (f¢,g) is sum- 
mable, and G is measurable. 

If K is compact there is a non-negative function ¢ of € which is2 1 on K; 
K is measurable, being a Borel set, so it has finite measure. 

1 Stone, M. H., Proc. Nar. Acap. Sct., 34, 336-342, 447-455, 483-490 (1948). 


? Daniell, P. J., dan. Math., 19, 279-294 (1917). 
3 Moore, E. H., and Smith, H. L., Amer. Jour. Math., 44, 102-121 (1922). 
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NOTES ON INTEGRATION, IV 
By M. H. STONE 
DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF CHICAGO 


Communicated September 4, 1948 


The theory of integration presented in the earlier notes! postulates an 
elementary integral in terms of which all other concepts are defined. We 
must therefore undertake to compare the general integrals and other 
mathematical objects which are associated with different elementary in- 
tegrals. In this note we offer such a comparison, giving the appropriate 
general forms of such classical results as the Lebesgue decomposition the- 
orem and the Radon-Nikodym theorem. This is also a suitable context in 
which to consider an unpublished definition of a genera! integral recently 
introduced by N. Bourbaki.* As we shall see below, the general integral of 
Bourbaki differs in few of its essential properties from the one treated in 
these notes. By comparing the two integrals we obtain solutions to a num- 
ber of problems raised by Theorem 18 of our second note and mentioned in 


the corresponding footnote. 

On a fixed abstract set Y, let ©’ and ©” be families of elementary fulhe- 
tions; and let ’ and E” be elementary integrations defined over the re- 
spective families. It is easy to verify that the contractions of £’ and E” to 


the family © = &’ n &” share with them the postulated properties set out in 
I (1), I (2). Consequently the study of the relations between /’ and E” 
breaks naturally into two parts—the first consisting in the study of two 
elementary integrals defined over the same family of elementary functions 
(viz., the contractions of /’ and £” to ©); the second in the study of two 
elementary integrals, one of which is an extension or contraction of the 
other (viz., E’ or E” and its contraction to ©). We shall discuss these 
situations separately below. 

As linear functionals the elementary integrals over a fixed family € of 
elementary functions constitute an ordered additive semigroup admitting 
multiplication by positive real scalars: the definitions of ak, E’ + E”’, 
and the ordering relation S are given by requiring that (ak)(f) = a(E(f)), 
(+R )\(P=HkE(Pt+tkh(f, Ef) s Ef) forall fin €; and the various 
needed properties, including those demanded in I (1) and I (2), can be 
verified without difficulty. We note in particular that if # = E’ + E” then 
Ek’ S Eand Ek” S Eandthatif &’ S F then there is a unique /”, given by 
E"(f) = E(f) — E’(f), such that EF = E’ + E”. In order to examine the 
relations between given elementary integrals E’ and E”, we shall first con- 
sider how each is related to the sum EF = FE’ + E” and then combine such 
information as we obtain in this way to yield results on the main problem. 
The various quantities and other mathematical objects associated with the 
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elementary integrals E, E’ and E” will be distinguished by the use of the 
corresponding primes. Most of our results are of such a nature that we 
shall confine attention to the case where 1 ¢ Jt, that is, where the constant 
function everywhere equal to 1 is measurable in the theory associated with 
the elementary integral E. For practical purposes, indeed, there would be 
no objection to assuming that the property I (3), which implies 1 ¢ Qt, holds 
for ©. All our deeper results depend upon the additional assumption that 


(1) & contains a sequence | f,} such that {x; sup | fa(x)| = 0} ts a null 
set.* fs 


An example given by Saks* shows that this assumption, or a similar one, 
is indispensable. Now we may note without formal proof that 


(2) the relation E'’ < Eon €implies N’ = N,¥' 2 §, CU > Gand M’ 2 
M; it alsoimplies that L’ S Lin®. 


These preliminaries settled, we proceed to discuss an important portion of 
the Radon-Nikédym theorem,‘ modifying for our purposes a method of 
proof originally introduced by J. v. Neumann :° 


(3) (Radon-Nikodym) if E’ < E, there exists an essentially unique func- 
tion ¢’ inM, 0 Ss o’ S 1, such that f « if and only if o' f € %, while 
L’'(f) = L(¢'f); in particular, E'(f) = L(¢’f) when f € &. 


For h and k in & the product hk is in &. Hence L’(hk) is a bilinear func- 
tional defined for all h and kin %. Since |L’(hk)| ne Fd hk|) < L(\hk|) < 
L(h?)'“L(k?)'”, a standard theorem® about generalized Hilbert spaces 
asserts the existence of a continuous linear transformation A of % into it- 
self such that L’(hk) = L((Ah)k). If gis any bounded member of M, then 
ghand gk arein %. The equations L((A(gh))k) = L’((gh)k) = L’(h(gk)) 
= L((Ah)gk) = L((g(Ah))k) imply that A(gh) = gAh almost everywhere. 
In order to exploit the latter relation, we use (1) to construct a bounded 
function go in % such that {x; go(x) = 0} is a null set. Supposing (as 
we obviously may) that the sequence {f,} of (1) contains no null func- 


tion, we put fo = )> 2-"| f,|/L(| fx|) € 2 in harmony with I (12) and observe 
n=1 
that {x; fo(x) = 0} isa null set. We can then put g) = (min (1, fo))'”. 
For any / in &, the function h, = mid (h, n, —n) is bounded and converges 
in % tohasn— ©. Thus go(Ah,) = A(gohn) = A(Ango) = An(Ago) = 
(Ago)h, and passage to the limit in the extreme terms yields g(Ah) = 
(A go)h almost everywhere. A measurable function ¢’ is defined by putting 
¢’ = Agy/go almost everywhere. Evidently Ah = ¢’h. Hence if f € % 
andh = |f|'*«%,k = |f|' sgn fe &%, we have L'(f) = L’(hk) = L(g’hk) 
= L(¢’f). The inequalities 0 < L’(f) < L(f) hold whenever f 2 0 and 
imply with the help of (1) that 0 < ¢’ S 1 almost everywhere. Similarly, 
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if #; and ¢» are two measurable functions such that L(¢:f) = L'(f)=Li¢ of) 

for all f in ¥, we have Li(¢; — o2)f ) = 0 for all such f and hence $1 = os 

almost everywhere. Thus ¢’ is uniquely determined (in the obvious sense). 

In proving the remainder of the theorem, we make use of the definition of 

Y’. A function f is in ’ if and only if to an arbitrary « > 0 there corre- 

spond functions g and f, in © such that f—g S$ DO ifs], O Ef.) Se 
n=1 


n=1 


Clearly we have L’'(f) — L’(g) S € under these circumstances. Since 
'o'f — og] SO ol fil, o’g € & we see that N(¢’f — ¢’g) S$ © N(o'|f.|) = 
n=1 n=] 


;> L(¢'\ fal) = y L'(| fal) = >; E'(\ fn ) Seand hence that $’f <\’, IL(o’f) -- 
n=l n=1 n=1 

L(¢’g)| S «. The equation L(¢’g) = L’(g) yields IL'(f) — Li¢’f)| S 2€. 
In considering the converse, it is convenient to observe that the relation 
N’ S N requires every null set in the /-theory to be a null set in the £’- 
theory also. Thus when ¢’f« \ we see that fis finite almost everywhere in 
the sense of either theory. Since we can examine separatefy the two func- 
tions |f|and|f! — f, where ¢’|f | =/¢’f/e% o’(\f| —f) = o'|f| — ¢'few 
and f =| f|—(\f| —f), there is no loss of generality in supposing that f = 0. 
Then on putting g, = f (nd’ + 1), hn = no'f/(nd’ + 1) we see that the 
sequences {g,}, {hn} are respectively monotonically decreasing and 
increasing almost everywhere to the corresponding limit functions g and h. 
Since gn + h, = f we have g + h = f, almost everywhere; and we verify 
similarly that ¢’g = 0, ¢’h = $’f almost everywhere. The relation h, «€ ¥ 
implies that h, « %’ and L’(h,) = L(¢'h,) S L(o'f). Hence I (12) shows 
that he’. Turning now to a consideration of g, we shall show that g e ¥”’ 
and L’(g) = 0. For this purpose, we construct a function fp 2 0 in ¥ such 
that {x; fo(x) = O} isa null set, in the manner indicated above. Since 
foe’ and $’fy « X we can express fo also in the form go + A just described. 
We note that go = fo — ho e &, N’(go) = L’(go) = L(¢’go) = 0. Clearly 
we have go(x) > O whenever ¢’(x) = 0, except possibly on a null set; and 
hence we also have go(x) > 0 whenever g(x) > 0, with a like qualification. 
The relation g S go + go + go + ... therefore holds almost everywhere and 
implies that N’(g) S N’(go) + N’(go) + N’(go) + ... = O. Thus gisa 
null function in the £’-theory and as such has the properties desired. 
Since g and / are both in X’ we have f = g + he’. This completes the 
proof of (3). It is desirable to mention without proof that (3) has the 
following easy converse: 


(4) if Eis given and ¢ is any function in MN such that 0 S @ S 1, then the 
operation E' defined over & by the equation E'(f) = L(@f) ts an ele- 
mentary integration such that E' S E; and the function ' obtained 
by virtue of (3) differs from $ at most ona null set. 
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Clearly (3) and (4) have the following interpretation: the correspondence 
FE’ — ¢’ isan isomorphism (both algebraic and ordinal) between the totality 
of E’ S Eand the totality of ¢’ « M,0 < ¢’ S 1, identified modulo null 
functions. In particular, the familiar lattice properties of this totality of 
functions are reflected in the system of all E’ < E. It is then easy to see 
that the system of all elementary integrations is a lattice with respect to the 
ordering relation <; and that in it every monotonely decreasing sequence 
has a greatest lower bound.’ The isomorphism leads directly to the com- 
plete Radon-Nikodym theorem and to the Lebesgue decomposition the- 
orem, as we shall now show. It is convenient to introduce the following 
definition of . new order relation 3 between elementary integrations: E’ 3 
E” if and only if every null set in the E”-theory is a null set in the E’- 
theory (or, equivalently, if and only if every null function in the E”-theory 
is a null function in the E’-theory). Evidently E’ < E” implies E’ 3E’; 
and when E = E’ + E” the condition on the associated functions ¢’ and $” 
equivalent to the condition E’ 3” is that ¢"(x) = O imply ¢’(x) = 0 for al- 
most all x. We can now state the Lebesgue decomposition theorem as 
follows :° 
(5) (Lebesgue) if E’ and E” are given elementary integrations over ©, then 
E’ has a unique decomposition of the form E’ = F, + E; where FE, 3E" 
and (Ez n E")(|f|) = 0 for all f in &. 
The proof is given by putting E = E’ + FE” and considering the associated 
functions ¢’ and $”. In order to obtain the desired decomposition we 
evidently have to determine ¢; and ¢, so that ¢’ = ¢; + ¢3, ¢"(x) = 0 im- 
plies ¢;(x) = 0 for almost all x, and min (¢3, ¢”) = 0 almost everywhere. 
Then ¢; and bs are essentially unique and can be expressed in terms of ¢’ 
and @” by the formulae ¢; = lim no’o’/(nd” + 1), o2 = lim $’/(nd” + 1) 
n> @ n> 2 


similar to ones used in the discussion of (3). The complete Radon-Niko- 
dym theorem reads? 

(6) (Radon-Nikodym) if £’ and E” are given elementary integrations over 
€ such that E’ 3E”, then there exists an essentially unique non-negative 
function x in M” such that f « V if and only if x fe", while L’(f) = 
L" (xf); in particular E'(f) = L" (xf) when fe. Conversely, if E” is 
given and tf x is any non-negative function in IR” such that f « © im- 
plies x f € %”, then the operation E’ defined by the equation E'(f) = 
L" (xf) is an elementary integration such that E’ 3E”. 


The proof is again based on the isomorphism established in (3) and (4). 
For given E’ and £”, we put EF = E’ + E” and determine the associated 
functions ¢’ and ¢” in M@ ¢ M’ nm M” in accordance with (3). Since ¢’ + 
¢” = 1 and $"(x) = 0 implies ¢’(x) = 0 for almost all x, we see that ¢” 
vanishes at most on a null set. Consequently the function x = lim n¢’/ 


n—?> @ 
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(np” + 1) is equal almost everywhere to ¢’/¢"; and the equations ¢’ = 
x/(x + 1), @” = 1/(x + 1) hold almost everywhere. It is clear that 
xeM ¢ M’. From (3) we now conclude that f ¢ ’ if and only if ¢"(xf) = 
¢’f «Yand hence if and only if xf «€”. When these conditions are verified 
we have L’(f) = L(¢’f) = L(¢"(xf)) = L" (xf). On the other hand, when 
E” and x are given it is easy to verify that E’ is an elementary integration. 
We therefore put E = E’ + E” and determine the associated functions ¢’ 
and @¢” in. IffeC€ we have L(¢’f) = E’(f) = L"(xf) = L(¢"xf). Thus 
x is finite for almost all x and the product $”x is defined and non-negative 
almost everywhere. We observe now that the equation L(¢’f) = L(¢’x/f) 
can be established by continuity for all f in %. For such an f, let { f,} 
be a sequence of fanctions in € which converges in ¥ to f. We may sup- 
pose in addition that lim f, exists almost everywhere and differs from f only 


n> oo 


on a null set. Then lim ¢"xf, = $”xf almost everywhere. At the same 


time L(|¢"xfm — ¢”xfn|) = L(6"x! fm — fa!) = L(¢'| fm — fal) S L(\fm — 
fal) so that {¢"xf,} converges in {—necessarily to ¢”xf. We obviously 
have L(¢"xf) = lim L(¢”xf,) = lim L(¢’f,) = L(¢’f). By (1) we can con- 


struct the function fp used in the proof of (3). Since we have $’x fo € 2 it 
follows that ¢”"x = lim n@"x fo/(mfo + 1) € M. With further use of (1) we 


a—>o 
can infer from the fact that L(¢’ — $”x)f) = Ofor all f in &, d’ — "x eM, 
that ¢’ — "x = Oalmost everywhere. Thus ¢”(x) = O implies ¢’(x) = 0 
for almost all x, and we must have E’3E”. The formulae connecting ¢’, 
", x are evidently the same as those noted above, and x e Mt. The rela- 
tions E” RE, EE” are both valid. We conclude the work of this section 
by an observation concerning the equivalence relation ~ defined by putting 
E' ~ E" if and only if both E’ 8E” and E” BE’. We have:'® 


(7) with respect to the order relation »3 and the equivalence relation ~ the 
totality of elementary integrations defined on the family © of elementary 
functions is a o-additive generalized Boolean algebra. 


If we consider the /’ such that E’ S Fand interpret the relations ~ and 3 
in the isomorphic system of functions ¢’, we see at once that each equiv- 
alence class contains exactly one characteristic function (modulo null func- 
tions) and that for characteristic functions the relation corresponding to 3 
is the natural ordering for real functions. The system of elementary in- 
tegrations E’ such that -’ < E is therefore a o-additive Boolean algebra, 
as stated. The remainder of the theorem then follows, provided that the 
g-additivity be understood to mean that any bounded sequence has a Bool- 
ean sum. 

Turning now to the second part of our problem—the study of the ex- 
tensions of a given /—we see at once that 
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(8) if E’ is an extension of E from © to G’, then N’ SN, §'2 FUP Y 
and L’ is an extension of L from to &; if in particular € ¢ ©’ c & 
then N’ = N,%’ = §, 2 = Land L’' =L 


The first part is evident, the second almost so. However we may remark 
that the second part results most easily from considering L as an extension 
E” of Eand EF’ over &” = &, since II (14) then immediately gives V” = N 
and hence VN S$ N” S$ N’ S N,N’ =N._ Itappears that very little indeed 
can be said about the general problem of extensions, largely because the 
condition of I (2) makes the construction of extensions a matter of con- 
siderable delicacy. When this condition is dropped it is possible to obtain 
certain results which are not altogether without interest. We may illus- 
trate this by the following theorem:!! 


(9) the elementary integration E over & has an extension J over § which is a 
positive linear functional with the properties 0 < J(\f|) S N(f), J(f) = 
L(f) when f €&. 


The proof is an immediate consequence of the Hahn-Banach theorem: we 
put p(f) = N(f*) where ft = 4(\f| — f), observing that 0 < p(f), p(f + 
g) S Pf) + P(g), plaf) = ap(f) when a 2 0, and Lif) S L(f*) = p(f) 
when f ¢ %; and we conclude that L has a linear extension J over § such 
that J(f) < p(f) for all f in §, a condition which implies for any f 2 0 that 
J(-f) Ss p(-f) = N((-f)*) = NO) = 0, Jif) 2 0. The relations 
0s J(f|) < pdf) = NU f|+) = NC f|) = N(f) then hold also. 

Having done what little we can with the extension problem, we shall now 
turn to a discussion of the general integral due to Bourbaki. This integral 
is defined in a manner quite similar to that followed in these notes; but 
somewhat more stringent conditions are imposed on the elementary func- 
tions and integrals, while more general processes are employed for the con- 
struction of the general integral. As we shall see, it follows that whenever 
the Bourbaki theory is applicable our theory is also and yields a general 
integration which has the general integration of Bourbaki as an extension, 
of remarkably simple type: this extension can, in fact, be obtained essen- 
tially by augmenting the class of null functions. It is thus apparent that 
the discussion of the Bourbaki integral is appropriately included in the 
present note. The definition of the Bourbaki integral rests upon the use of 
function-systems filtering with respect to the natural ordering for func- 
tions: a class of functions is said to be a filtering (or directed) system if 
whenever it contains f and g it also contains a function / such that h 2 max 
(f, g). Here we shall always denote such a system by the letter &. Let 
there be given a system € of elementary funct:ons and an elementary in- 
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tegration E which satisfy the conditions of I (1) and of the following 
strengthened version of I (2), namely: 


(2) if R is a filtering system in E+, the system of non-negative functions in 


&, and if f is any function in © such that | f(x)| S sup k(x), then E( f)) 
ke& 


< sup E(R). 
ke 


A quantity analogous to V(f) can then be introduced through the definition 
(4) N(f) = inf {A; \ = sup E(k), | f(x)| S sup R(x)} 
got ke& ke & 
if lf! <> lf, fae, we can take & as the totality of partial sums of this 
n=1 
infinite series; and we immediately infer that Y < N. Moreover properties 
I (5)-I (9) are readily verified for V. Hence whatever parts of the theory 
presented in these notes have been built directly on these properties have 
valid analogs in the theory of Bourbaki. In particular, we see that § = 
if; N(f) < + ©} isa Banach space, and we can define & as the closure of 
€ in §, taking L(f) = N(f+) — N(f-) = F(f) for f e&. A detailed check 
shows that the only results in our theory which depend upon a direct use of 
the definition of N are I (5)-I (9), II (10), II (14), III (1) and one observa- 
tion in the proof of (3) above. Thus it remains for us to prove analogs of 
the last-mentioned results for the Bourbaki theory. We must observe 
further that in connection with the Fubini theorem in III and also at certain 
points in the present note it was necessary to check the validity of I (2) for 
particular families of functions. At the same points the corresponding 
check of (2) clearly has to be made in the Bourbaki theory. This can be 
accomplished in every instance without difficulty. Our program for treat- 
ing the Bourbaki integral has therefore been reduced to two steps, the first 
being to prove a result of general interest from which II (14), II (10) and 
the point referred to in the proof of (3) above, all easily follow, namely:  , 


(10) fe ¥ if and only if f = g + h where ge § and his a null function in 
the sense that N(h) = 0, it being possible when f = 0 to choose g = 0 
and h = 0 so that N(f) = N(g) = N(g); likewise, f «if and only if 


f =g+hwhere ge and N(h) = 0—and, when these conditions 
hold, L(f) = L(g) = L(g). 
We first observe that in consequence of the relation V S N we have § > §, 
T>T,andL(f) = L(f) forallf e%. Thus Lisanextension of L. The suf- 
ficiericy of the conditionsstatedin the theorem isevident. In discussing their 
necessity, we may treat the case where f 2 0 since the general case can be 
reduced to it by consideration of the functions f* and f~. Assuming f 2 0 
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and N(f) < +, we choose a filtering system R, ¢ E+so that 0 S f(x) S 
sup k(x), V(f) S dp = sup E(k) S N(f) + 1/p. Evidently this system 
keS&p 


keSp 
contains an increasing sequence {k,»} such that Ay = lim E(Ryy). In 


n—> © 
accordance with I (12) this sequence has a limit k, in %. Putting gp = 
min (f, kp) 2,0, we see that g,e§. We also put h, = max (f, ky) — ky 2 
0 and show that N(hy) = 0. The equation f = g, + h, then gives the 
desired result. In order to estimate N(h,) we put Jap = max (f, Rap) — 
kn», obtaining a sequence which decreases with 1/n to the limit hy. Hence 
N(hy) < N(Anp). The functions max (k, Ray) — Rap = 0, Re R;, con- 
stitute a filtering system in €* and for each x in X have a supremum not 
less than hnp(x) 2 0. Consequently NV(Anp) S sup (E(max(k, Rap) — 
a 
E(Rnp)) = Xp — E(Rnp). Passing to the limit we have N(h,») — 0 and 
hence NV(hy) = 0. It is clear that V(g,) < N(f) S N(g,) + N(hy) and 
hence that V(g,) = N(f). However all we know concerning N(g,) is that 
Nf) = N(g,) S N(gp) S N(R) = > S N(f) + 1/p. To complete the 
discussion we therefore put g = inf g, 2 0, noting that f 2 g, ge 3, f = g 
almost everywhere in the Bourbaki theory. Writing h = f — g 2 0, we 
have N(h) = 0. Now N(f) S N(g) + N(h) = N(g) S N(g) S N(gs) S 
N(f) + 1/p for all p, and N(f) = N(g) = N(g), as we wished to prove. 
Assuming now that f is an arbitrary function in \’ we know that there is a 
sequence { f,} in © such that V(f — f,) = L(f — fa) 7 O while N(f, — 
fats) = L(\fn — fatil) = E(\ fe — Sati!) S 27". It follows that { f,} also 
converges in % to a function g. Clearly we must have f = g almost every- 
where in the Bourbaki theory, since both functions are equal almost every- 
where to lim sup f,. Thus we have f = g + h where V(h) = 0. It is easy 


n—> © 
to see that Z(f) = L(g) + L(h) = L(g) = L(g) here. This completes the 
proof. The second step of our program is to give a direct demonstration of 
III (1) for the Bourbaki theory. We have 


(11) if the elementary integrations E,, E, and E, satisfy the relation 
E, ¢ E, * E,, then the corresponding operations N,, Ny, N, are such 
that N,f(z) = N,N,f(x, y) for every f in@(z). 


The proof is simple. Since there is nothing to prove unless NV, f(z) < +, 

we assume the latter relation. We can then choose for any givene > 0a 

filtering system & ¢ €+(z) such that | f(z)| < sup k(z), N.f(z) s sup 

E(k) Ss N.f(z) + «. The functions k(x, y) for fixed x constitute a filtering 

system in €+(Y) and their supremum is not less than | f(x, y)|. Hence we 

must have V,f(x, y) S sup E,k(x, y). Since the functions E,k(x, y), 
e 8 


ke &, constitute a filtering system in €+(X), we must have N,N, f(x, y) S 
sup E£,E,k(x, y) = sup £,k(z) S N.f(z) +. The theorem then follows at 
ke& keS& 
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once. We now see that all the results established in our theory hold, 
mutatis mutandis, for the theory of Bourbaki. The latter theory is calcu- 
lated to give the best possible handling of the case where € is the family of 
all continuous functions with compact nuclei on a locally compact space XY. 
We shall therefore conclude our remarks with some comments on this case. 
In the Bourbaki theory it is not difficult to verify that the Riesz-Markoff- 
Kakutani theorem, II (18), assumes precisely the form announced by 
Markoff: the measure is a regular measure such that every compact sub- 
set of X is measurable. Thus where our theory produces a Baire measure, 
the Bourkaki theory produces a Borel measure. When X is the homo- 
geneous space of the left cosets of a closed subgroup Y of a locally compact 
topological group Z, the discussion given in III can be repeated verbatim in 
the Bourbaki theory. Now, however, the final result is a generalization of 
Ambrose’s theorem cited there. We thus obtain a simplified proof in 
which we do not need to assume, as Ambrose does, that Y is a normal sub- 


group. 


1 Stone, M. H., ‘Notes on Integration, I, I, III,” these PRocEEp1INGs, 34, 336-342, 
447-455, 483-490 (1948); cited here as I, II, III, respectively. 

2 After the preparation of our third note, we learned that Bourbaki’s projected treat 
ment of the theory of integration had assumed a form remarkably like that described in 
these notes. The resemblance extends even to some of the finer details. The compara- 
tive study outlined in the present note should suffice to clarify the technical relations be- 
tween the two theories. 

3 If such a sequence exists it can be replaced by a similar sequence in €, by a simple 
application of the definition of ¥. 

4 Saks, S., Theory of the Integral, 2nd revised ed., Warszawa-Lwow, 1937, pp. 32-36 

5 vy. Neumann, J., “On Rings of Operators, III,” Ann. Math., 41, 94-161 (1940), 
especially pp. 127-129 

® Stone, M. H., Linear Transformations in Hilbert Space and Their Applications to 
Analysis, New York, 1932, Theorem 2.28. The proof given there for the complex 
separable case applies also to the real unrestricted case, which we need here. 

7 Riesz, F., ‘Sur quelques notions fondamentales dans la théorie générale des opéra- 
tions linéaires,”” Ann. Math., 41, 174-206 (1940), has shown how the lattice properties 
can be obtained directly. Stronger properties than those stated here are actually valid 
and can be established in general by Riesz’s methods or in this instance by direct ex 
amination of the function-lattice. 

8 Saks, S., loc. cit.4 

® Saks, S., loc. cit.4 

‘© An important application of (7) has been made in Plesner, A. I., and Rohlin, V. A., 
“Spectral Theory of Linear Operators,’’ Uspeht Matem. Nauk, N.S. 1 (11), no. 1, 71-191 
(1946) [Russian], §§ 22-27. See the writer’s review in Math. Rev., 9, 43 (1948). 

11 This result is to be compared with one given by Banach, S., Théorie des Opérations 
Linéaires, Warszawa, 1932, pp. 29-32. 





Vox. 35, 1949 MATHEMATICS: WALSH, SEWELL AND ELLIOTT 59 


ON THE DEGREE OF CONVERGENCE OF HARMONIC POLY- 
NOMIALS TO HARMONIC FUNCTIONS 


By J. L. Watsn, W. E. SEWELL AND H. M. ELuiort* 
HARVARD UNIVERSITY, U. S. ARMY, AND HARVARD UNIVERSITY 
Communicated December 3, 1948 


The purpose of this note is to state without proof certain results on 
polynomial approximation to harmonic functions whose proofs will appear 
elsewhere later. 

In the plane of the complex variable z = x + ty, a (real) function u(z) 
harmonic in the interior of the Jordan curve C and continuous in the 
corresponding closed region C can be represented in C by a uniformly 
convergent series of harmonic polynomials.'! If Cz denotes the image of 
the circle |w| = R> 1 under the conformal map of the exterior of C onto 
the region |w| > 1 of the w-plane so that the points at infinity in the two 
planes correspond to each other, and if u(z) is harmonic throughout the 
interior of Cp, then there exist harmonic polynomials p,(z) of respective 
degrees n = 1, 2, ..., such that 

lim sup [max. |u(z) — p,(z)| on C]'“" S 1/R; (1) 


a—> @ 
conversely if harmonic polynomials p,(z) of respective degrees m exist so 
that (1) is satisfied, the sequence p,(z) converges throughout the interior 
of Cr, and the function u(z) if suitably defined exterior to C is consequently 
harmonic throughout the interior of Cp. We sharpen these prior results? 
by studying now the more delicate problem of relating continuity properties 
of u(z) (in the form of Lipschitz* conditions of arbitrary order on the 
function or its derivatives) on C or Cz to degree of convergence of the 
sequence p,(z) in C. 

This theory is closely related to the analogous theory for approximation 
of analytic functions by polynomials in the complex variable.* But the 
present results are by no means merely an obvious application of the earlier 
ones. 

We define four classes of functions as follows. Let C be a rectifiable 
Jordan curve. We say that the real function u(z) belongs to the class 
L(k, a), symbolically u(z) « L(k, a), k= 0, on C if u(z) is harmonic interior 
to C and continuous on C; if the derivative 0*u(z)/ds* exists on C, where 
s is arc length measured along C; and if 0*u(s)/0s* satisfies on C a Lip- 
schitz condition of order a, 0 << aS 1. We say u(z) € Log (k, 1) on Cif 
u(z) is harmonic interior to C, continuous on C, and d*u/ds* exists on C 
and satisfies the condition 

|O*u(z:)  O*u(ze) 
os* os* | 





S Liz, — m| |log jz: — 2], 2%, 2,0n C, (2) 
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where |z; — 22| is sufficiently small. 

The complex-valued function f(z) is said to belong to the class L4(k, a) 
on the closed region C if f(z) is analytic interior to C, continuous on C, 
and if f(z) exists and satisfies a Lipschitz condition of order a on C. 
Finally, f(z) « Log, (R, 1) on Cc if f(z) is analytic interior to C, continuous on 
C, and if f(z) exists and satisfies a condition of the form (2) on C. 

If C consists of a finite number of mutually exterior rectifiable Jordan 
curves, we say u(z) € L(k, a) on C if u(z) € L(k, a) on each component of 
C; we make analogous definitions for the other three classes. 

THEOREM 1. Let C consist of a finite number of mutually exterior analytic 
Jordan curves. Let u(z) « L(k, a) on C,kR20,0< aS 1. Then for each 
n,n = 1,2, ..., there exists a harmonic polynomial p,(z) such that 


|u(z) — pp(z)| S M/n**+*, zon C. 


We say that a curve C is of Type D if (i) Cis a rectifiable Jordan curve 
whose are and chord are uniformly infinitesimals of the same order, and 
(ii) there exists a number 6) > 0 such that if P is any point of C, there is a 
circle of radius 6) through P whose closed interior lies in c. 

As a converse to Theorem 1 we have 

THEOREM 2. Let C be a curve of Type D, and let u(z) be defined in C. 
For each n,n = 1, 2, ..., let a harmonic polynomial p,(z) exist such that 


[u(s) — p,(z)| S M/n**%, zinC, k= 0. 


Then u(z) € L(O, a) on C for 0 < a< land u(z) € Log (0, 1) on C for a = 1. 
Set f(z) = u(s) + iv(z), where v(z) is conjugate’ to u(z) in C. Then for 
k= 1, f(z) eLa(k, a) on CifO< a< land f(z) € Log, (k, 1) on Cif a = 1. 

THEOREM 3. In addition to the hypothesis of Theorem 2 require that the 
equation of C can be written in the form z = t(s), s arc length measured along 
C, where t™ (s) exists and satisfies a Lipschitz condition of order a. Then 
if0O<a< 1,u(s)eL(k, a) on C; if a = 1, u(z) € Log (k, 1) on C. 

To connect the continuity properties of u(z) on Cp and degree of conver- 


gence of approximating polynomials on C we have 

THEOREM 4. Let C and Cr, R > 1, be contours.6 Let u(z) « L(k, a), 
k2=0,0< aS 1,0n Cp. Then for each, n,n = 1, 2, ..., there exists a 
harmonic polynomial p,(z) such that 


|u(z) — p.(z)| S L/n**+*R*, zon C. 


TuHEorEM 5. Let C be a contour and let Cp, R> 1, be a Jordan curve. 
Let u(z) e L(k, a), R2O0,0< aSil,onCr. Set f(z) = u(z) + iv(z), where 
v(z) is conjugate to u(z) in Cp. Then there exist polynomials x,(z) in z such 
that 


f(z) — w,(z)| & M/n*+*R", zon C. 
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Let C be a rectifiable Jordan curve lying in the z-plane. Let w = Q(z) 
with inverse z = x(w) map the interior of C one-to-one and conformally 
onto the interior of |w| = 1. We say that C is of Type A; if x’(w) is 
continuous and different from zero on |w| = 1. 

As a converse (not exact) to Theorems 4 and 5 we have 

TuHEoreEM 6. Let C be a curve of Type A1; suppose that u(z) is defined 
on C. For each n, n = 1, 2, ..., let a harmonic polynomial p,(z) exist 
such that 


u(z) — pa(z)| S M/n**+°* R®*, zonC,R> 1,k2= 0. 


Set f(z) = u(z) + tv(z), where v(z) 1s conjugate to u(z) in C. Then f(z) € 
La(k, «) on Cp ifO< a< land f(z) € Logs (k, 1) on & ifa=1; u(z)e 
L(k, a) on Crif0O< a< land u(z) « Log (k, 1) on Crif a = 1. 

A classification of functions analytic in the unit circle due to Hardy 
and Littlewood expressed in terms of asymptotic inequalities was used by 
Walsh and Sewell’ as the basis of a study of approximation to analytic 
functions by polynomials in z. This same classification of analytic func- 
tions yields by studying- real and pure imaginary parts a corresponding 
classification of functions harmonic in the unit circle. 

If u(z), s = re’, is harmonic in |z| < 1 and if 


lu(re*)| S$ LIL —r)**%, r<1,0< al, 


where k < 0, then we say u(z) « L(k, aw) on |z| = 1. 

Let C be an analytic Jordan curve in the z-plane. Let w = Q(z) with 
inverse 2 = x(w) map the interior of C conformally onto the interior of 
|w| = 1. Then «(z) is said to be of class L(k, a), k < 0, on C if u(x(w)) 
is of class L(k, a) on |w|] = 1,0< al. 

THEOREM 7. Let C be an analytic Jordan curve. Let u(z) « L(k, a), 
k<0,0< aS 1,onCr, R>1. Set f(z) = u(z) + iv(z), where v(z) ts 
conjugate to u(z) interior to Cp. Then for eachn,n = 1, 2, ..., there exists 
a polynomial w,(z) in such that 


\f(z) — mn(z)| S M/n*+*R", zon C. 


As a converse (not exact) to Theorem 7 we have 

THEOREM 8. Let C be an analytic Jordan curve, and let u(z) be defined 
on C. For each n,n = 1, 2, ..., let a harmonic polynomial p,(z) extst 
such that 


|u(z) — pa(z)| S M/n*+*+ R*, zonC,R>1. 


Ifk<0,0<as1,k+a#0O, then u(z) « L(k, a) on Cp. 
For the case k + a = 0, a slightly less precise result exists. Theorems 
1-8 are in a sense the best possible. 


* Dr. H. M. Elliott is a Vassie James Hill A-A.U.W. Fellow 
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! By a harmonic polynomial p,(z) of degree n we mean the real part of a polynomial 
in z of degree m. The degree of a polynomial will be indicated by its subscript. 

2 For these results see Walsh, J. L., Bull. Am. Math. Soc., 35, 499-544 (1929); Walsh, 
J. L., Ann. Math., 38, 321-354 (1937). 

5 A function u(z) is said to satisfy a Lipschitz condition of order @ on a set E if for 
any two points 21, 22 of E we have |u(z:) — u(z2)| S$ L| a - 22|%, where L is a constant 
independent of z; and z2.. The letters Z and M henceforth denote constants which may 
vary from one inequality to another and which may depend on the point sets involved, 
Sut which are independent of z and m. The letter & will always denote an integer. 

* Cf. Sewell, W. E., ““Degree of Approximation by Polynomials in the Complex 
Domain,” Annals of Mathematics Studies, vol. 9, Princeton, 1942. 

5 If two functions are conjugate in a region and continuous in the corresponding closed 
region, we say that the functions are conjugate in the closed region. 

® See Sewell, Joc. cit., p. 58, for the definition of a contour. 

7 Walsh, J. L., and Sewell, W. E., Trans. Am. Math. Soc., 49, 229-257 (1941). 


A SIMPLE ANALYTICAL PROOF OF A FUNDAMENTAL 
PROPERTY OF BIRATIONAL TRANSFORMATIONS 


By OscaR ZARISKI 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 
Communicated November 5, 1948 


1. Valuations in Local Domains.—Let 0 be a local domain, i.e., a local 
ring which is at the same time an integral domain, and let m be the maximal 
ideal in 0. We consider a valuation v of the quotient field of 0. Let R 
be the valuation ring of v and let $ be the maximal ideal of R. We say 
that v has center min o if (1) 0 ¢ Rand (2) m = BA o. If vhas center 
m in 0, then the residue field 9/m of 0 can be regarded as a subfield of the 
residue field R/$ of the valuation v. The transcendence degree of the 
latter field over the former will be called the o-dimension of v. 

THEOREM 1. [Jf the local domain 0 is of dimension r and if a valuation v 
of the quotient field of 0 has center min 0 and has rank 1, then the o-dimension 
of vis at most r — 1. 

Proof.—We shall first consider the case in which 0 is complete. By a 
theorem due to I. S. Cohen? (Theorem 11, p. 79) 0 contains, then, a coeffi- 
cient ring 2. In the equal-characteristic case (i.e., if 0 and o/m have the 
same characteristic) 2 is a field which is mapped isomorphically mod m 
on the entire residue field 0/m. It is this case that occurs in algebraic 
geometry. In the unequal-characteristic case (i.e., if 0 is of characteristic 
0 and o/m is of characteristic p + 0) 2 is a complete discrete valuation ring 
of rank 1 in which the maximal ideal is generated by the prime number p 
and which is mapped mod m (and therefore also mod p) on the entire residue 
field o/m. 
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Let t, ft, ..., t, be a system of parameters in 0, i.e., a set of r elements 
of m such that the ideal 0 (4, 4, ..., ¢,) is primary form. Then 0 contains 
the ring 2 < ty, tf, ...,¢,> of formal power series in the ¢’s, with coefficients 
inQ. We denote this ring by 2*. The ring 2* is a complete local domain 
of dimension 7, has the same residue field as 0, and 0 is a finite module over 
Q* (see Chevalley,! Lemma 1 and Prop. 5, p. 702. For the general case, 
see I. S. Cohen,? Lemma 16, p. 90). If v’ denotes the valuation of the 
quotient field of 2* induced by v and if m’ denotes the maximal ideal in 
Q*, then it is clear that v’ has center m’ in Q* and that the residue field 
of v is an algebraic extension of the residue field of v’ (since the quotient 
field of 9 is an algebraic extension of the quotient field of Q*). It follows 
that it is sufficient to prove the theorem for 2* and v’. We therefore 
assume that 0 itself is a power series ring 2 < hi, fb, ..., t, > over the coeffi- 
cient ring 2. ; 

Let & = u/w be an arbitrary element in the valuation ring of v, where 
u and w are elements of 9. Let u;and w; be the partial sums of the power 
series u and w, respectively. We have u — u,em’,w — w em’. Since 
v has center m in o and since the rank of v is | (i.e., the value group of v 
consists of real numbers), it follows that v(u) = v(u;) and v(w) = v(w,;) 
for all 7 sufficiently large. We have é — u,/w, = [wi(u — uj) — u(w — 
w;)|/ww; As 4 becomes very large the value of the numerator (in the 
given valuation v) approaches + ©, while the value of the denominator 
remains constantly equal to the value of w*. Hence we have, for 7 very 
large, v(& — u;/w;) > 0, and therefore £ and u;/w; have the same residue in 
the given valuation v, Since u; and w, are polynomials in Q[t,, fo, ..., 4], 
it follows that the residue field of v is the same as the residue field of the 
valuation 2% induced by v in the ring S of rational functions Q(t, f, ..., 
t,), and from this our theorem follows at once. For in the equal-charac- 
teristic case Qand s are fields, v7; is trivial on Qand is non-trivialon S. Inthe 
unequal-characteristic case we may assume that 4; = p. In that case S 
has transcendence degree r — 1 over the quotient field of Q, and it is clear 
that the transcendence degree, over 2./Q p, of the residue field of 1, can- 
not exceed 7 — 1. 

We now can easily prove the theorem for arbitrary (not necessarily 
complete) local domains 0. Let o* and R* be the m-adic and the $-adic 
completions of 0 and of the valuation ring R, respectively. Since v is of 
rank 1, the completion of R, in the sense of the theory of local rings, co- 
incides with the completion of R, in the sense of valuation theory. Hence, 
R* is a complete valuation ring for an extension v* of v, and v* has the 
same value group and the same residue field as v. The assumption that 
v has center m in o implies that Cauchy sequences and zero sequences in 
0 are, respectively, also Cauchy sequences and zero sequences in R. We 
have therefore a natural homomorphism 7 of o* into R*. Let 0’ = 70*. 
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Then 0’ is a complete local domain, and we have 0 ¢ 0’, since 7 reduces to 
the identity on o. If m* and m’ are the maximal ideals in 0* and 0’, re- 
spectively, then m’ = rm*, 0’/m’ = o*/m*, and since m* = o*m and 
o*/m* = o/m, we conclude that m’ = o’-m, m’ A 9 = mando’/m’ = o/m. 
Finally we point out that o’ is of dimension S r, since o0* is exactly of 
dimension r. Now, let v’ be the valuation of the quotient field of 0’ in- 
duced by v*. Since 0’ ¢ R* and m’ = o’m, it follows that the valuation 
v’ (which is of rank 1) has center m’ in 0’. Therefore by the previous 
case, the o’-dimension of v’ is at most 7 — 1. Since v’ is an extension of v 
and since the residue fields of 9 and 0’ are the same, it follows a fortiori 
that the o-dimension of v is at most r — 1. Thts establishes the theorem 
for arbitrary local domains. 

The second part of the proof yields an important consequence in the 
follawing special case: the local domain 0 is analytically irreducible, i.e., 
o* is an integral domain, and the valuation v (of rank 1 and center m) is of 
dimension r — 1. In that case, also, v’ must be exactly of dimension 
r — 1. In view of Theorem 1, this is possible only if in the inequality 
dim o’ S r the equality sign holds. Hence 0’ is of dimension r. Since 
also the local domain o* is of dimension r, it follows that the homomorphism 
t of 0* onto o’ must bean isomorphism. Wecan therefore state the following 
theorem: 

THEOREM 2. Let 0 be a local domain of dimension r and let m be the maxt- 


mal ideal of 0. Let v be a rank 1 valuation of the quotient field of 0 such that 
the o-dimenston of v is r — 1 and such that m 1s the center of vino. If 0 is 
analytically irreducible (1.e., if the completion o* of 0 1s an integral domain), 


then 0 is a subspace of the valuation ring R of v, .e., we have: Bn o © m’™, 


v(t) > +e,ast— + o where $ ts the maximal ideal of R. The valua- 
tion v can then be extended to a valuation of o*. 

2. An Application to Algebraic Varieties —Let V and V’ be two algebraic 
varieties over a common ground field k, and assume that the function field 
~Y of V is contained in the function field 5’ of V’ (whence V is a rational 
transform of V’). Let P and P’ be two corresponding points of V and V’. 

THEOREM 3. If the local ring of P’ contains the local ring of P and if V 
is locally irreducible at P, then the local ring of P 1s a subspace of the local 
ring of P’. 

Proof: Let 0 and o’ denote the local rings of P and P’, respectively. 
Let m and m’ be the maximal ideals in these two rings. We have, by 
assumption, 0 ¢ o’. Furthermore, the fact that P and P’ are corre- 
sponding points signifies that m ¢ m’ (and hence m’ n 0 = m). Let? 
and r’ be the dimensions of 0 and 0’, respectively. Let s = dim V,s’ = 
dim V’. Note that the difference s — r is merely the dimension of the 
point P over k, i.e., the dimension of the irreducible variety of which P is 
a general point. Similarly for s’ and r’.. We fix a divisor v’[i.e., an (s’ — 
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1) dimensional valuation v’] of the function field 2’ which has center at the 
point P’. The induced valuation v in the function field 2 has then center 
P, and its dimension (the dimensions of v and v’ are intended here with 
reference to k) is necessarily s — 1 (since dim v’ — dim v cannot exceed 
s’ — s). In the terminology of the preceding section, v has center m in 
o, and its o-dimension is equal tor — 1. Similarly v’ has center m’ ino’, 
and its o’-dimension is equal to r’ — 1. Let B and §§” be the prime ideals 
of the valuations v and v’. It is clear that high powers of ’ contract in 
the valuation ring of v to high powers of . Since V is analytically irre- 
ducible at P, it follows from Theorem 2 that high powers of 2 contract 
in o to high powers of m. Therefore high powers of 3’ contract in 9 to 
high powers of m. But since m’ c §’, it follows a fortiori that high 
powers of m’ contract in 0 to high powers of m, i.e., the local ring 0 is a 
subspace of the local ring 0’, q. e. d. 

From Theorem 3 it is possible to derive in a very simple manner the 
“main theorem” of our paper on birational transformations (Zariski,* p. 
522). Let V and V’ be birationally equivalent varieties and let T denote 
the birational transformation of V onto V’. We denote by 7{P} the set 
of points of V’ which correspond to P. We say that a point P’ of T{P} 
is isolated if P’ is not a specialization (over k) of any point Q’ of T{P} such 
that dim Q’/k > dim P’/k. 

THEOREM 4. Under the assumptions of Theorem 3 and under the addi- 
tional assumptions that P’ is an isolated point of T\P\ and that dim P/k = 
dim P'/k, the set T{P} consists of a finite number of points, any two of which 
are tsomorphic over k. 

Proof: We use the notation of the proof of Theorem 3. Let o* and 
o’* be the completions of » and 0’, respectively. Since, by Theorem 3, 
0 is a subspace of 0’, it follows that 0* is also a subring and subspace of 
o’*. The assumption that P’ is an isolated point of T{P} signifies that 
the ideal 9’-m is primary for m’. Since, on the other hand, o and 0’ have, 
by assumption, the same dimension, it follows that if {h, t, ...,t,} isa 
system of parameters in 0, then the ¢’s form also a system of parameters 
in 0’. Therefore o’* is a finite module over the power series ring k.< hy, 
te, ..., tp > (Chevalley'), and a fortiori o’* is a finite module over 9*. In 
particular, every element of 0’ is integrally dependent on o*. 

Now let v be any divisor of the function field =, with center at P. By 
Theorem 2, v can be extended to a valuation v* of the quotient field of the 
local domain o*. Since every element of 0’ is integrally dependent on 
o*, it follows that o’ is contained in the valuation ring of v* (since o* is 
contained in that valuation ring). Consequently 0’ zs contained in the 
valuation ring of v (since v* is an extension of v). The center of the divisor 
v on the variety V’ is therefore a point A’ such that the local ring of A’ 
contains the local ring 0’ of P’, i.e., a point A’ such that P’ is a specialization 
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of A’ over k. Since P and A’ are centers of v, A’ belongs to the set 7{P}. 
Since P’ is an isolated point of T{P}, we must have dim A’/k = dim 
P’/k. From this it follows that A’ and P’ are isomorphic points over 
k (since P’ is a specialization of A’ over k) and that consequently the local 
rings of A’ and P’ coincide. Since 0 ¢ 0’, the local field k(A’) contains 
the local field k(P) of P, and hence A’ is an algebraic point over k(P) 
(since dim A’/k = dim P’/k = dim P/k). Since T{P} isa variety over 
k(P), we conclude that 7{P} is zero dimensional over k(P) and therefore 
consists of a finite number of points. This completes the proof. 

Our ‘‘Main Theorem” on birational transformations follows from the 
above theorem if one takes into account that if I” is locally normal at P 
then (a)V is analytically irreducible at P (Zariski*) and (d) the finite set 
T{P} necessarily consists of a single point (Zariski*®, theorem 8(A) and 
theorem 10, pp. 512-514). 

1 Chevalley, C., “On the Theory of Local Rings,”” Ann. Math., 44, 690-708 (1948). 

2 Cohen, I. S., ‘On the Structure and Ideal Theory of Complete Local Rings,” Trans. 
Am. Math. Soc., 59, 54-106 (1946). 

3 Zariski, O., ‘‘Foundations of a General Theory of Birational Correspondences,”’ 
Ibid., 53, 490-542 (1943). 

* Zariski, O., ‘‘Analytical Irreducibility of Normal Varieties,’’ Ann. Math., 49, 352- 
361 (1948). 


THE NUCLEOPROTEIN CONTENT OF WHOLE NUCLEI 
By A. W. POLLISTER AND C. LEUCHTENBERGER 
DEPARTMENT OF ZOOLOGY, COLUMBIA UNIVERSITY 
Communicated by L. C. Dunn, December 3, 1948 


The task of determining the chemical composition of parts of a cell can 
be approached in two different ways, which may for convenience be called 
the gross and the cytological methods. The former is followed by the ana- 
lytical biochemist, who isolates cellular structures in masses (millions or 
billions of units) and subjects the mass to a variety of analytical procedures. 
The cytologist, by contrast, studies with his microscope single cells, and for 
chemical analysis of these structures he is almost wholly restricted to 
methods which are based upon light absorption. Obviously the gross and 
cytological methods are complementary in many respects, as, for example, 
in evaluating the changes which may have been brought about by the 
isolation procedure. The nucleoprotein content of the cell nucleus has 
been determined in recent years by both gross and cytological methods. 
In the present paper we are concerned with demonstrating and attempting 
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to explain the considerable differences between the results from these two 
lines of investigation. 

Gross analyses of nucleic acid and protein in isolated nuclei and chro- 
mosomes have been made in recent years by Claude and Potter, by Mirsky 
and his associates and by the Stedmans. Although in methods of isolation 
and analysis these three groups have worked very differently, their results 
are in essential agreement on the over-all nucleoprotein composition, as 
shown by the ratio of protein to nucleic acid, table 1. In all these inter- 
phase nuclei and chromosomes gross analyses showed the protein content to 
be not more than one or two times that of the nucleic acid. 

We have determined the protein-nucleic acid ratio in two of these nuclear 
types by microscopic methods applied to cytological sections of fixed ma- 
terial. For desoxypentose nucleic acid, the Feulgen reaction was estimated 
from measurement of the absorption of light isolated from a tungsten lamp 
by a Farrand Interference Filter with peak transmission at 550 my. Nu- 


TABLE 1 


TOTAL PROTEIN AND NUCLEIC ACID IN CHROMOSOMES AND NUCLEI WHICH HAVE BEEN 
SUBJECTED TO ISOLATION PROCEDURES. THE RATIOS IN SOME CASES HAVE BEEN 
COMPUTED FROM GROSS ANALYTICAL DATA IN THE REFERENCES 


PROTEIN 


MATERIAL REFERENCE NUCLEIC ACID 

Chromosomes, thymus lymphocytes Mirsky and Ris! 1.5 
(calf) 

Nuclei, thymus lymphocytes (human) Stedman and Stedman? 
Nuclei, liver (human) Stedman and Stedman? 
Nuclei, liver (ox) Stedman and Stedman? 
Nuclei, liver (mouse) Stedman and Stedman? 
Chromosomes, leukemic cells (mouse) Claude and Potter® 


Ne 


- bo bo 


cleic acid was computed from these values (called Hs in the tables) by 
the method described by Di Stefano.* For protein estimation the Millon 
reaction was carried out and measured by the total protein method of 
Pollister and Ris. From these extinction values for the tyrosine-plus- 
tryptophane mercurials (called L365 in the tables) protein was computed by 
assuming that the absorbing substance was all tyrosine, and that the tyro- 
sine constituted one-sixteenth (6.25%) of the mass of the protein. In 
nuclei the absorbing material is not homogeneously distributed. Absorp- 
tion measurements of such structures always involve an error, not easily 
estimable, resulting in too low extinction values for the absolute amount of 
material in the absorption path. However, this has little effect upon the 
ratio between the amounts of two substances with identical distributions, 
a condition we have assumed for protein and nucleic acid in these nuclei. 

From these cytological estimates, table 2, it appears that in the nuclei 
of fixed tissues the protein is very high in proportion to the nucleic acid, 
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the latter forming only about one-ninth of the nucleoprotein mass of the 
thymus nucleus and one-eighteenth of the liver nucleus. A similar com- 
position of the interphase nucleus is indicated by cytological determinations 
which have been made on various nuclei, by us and other workers, table 3. 
In short, all microscopical determinations of nucleic acid and protein agree 


TABLE 2 
ToTAL PROTEIN AND NUCLEIC ACiD IN NUCLEI OF FIXED SECTIONS, DETERMINED BY 
CyTOLOGICAL ABSORPTION MEASUREMENTS 


PROTEIN 
FEULGEN REACTION MILLON REACTION 
MATERIAL Esso Ess 


Thymus (guinea pig) 0.343 += 0.04 0.086 += 0.005 
Liver (mouse) 0.413 + 0.02 0.209 + 0.02 


NUCLBIC ACID 
8.4 
16.9 
TABLE 3 
Acip Ratio IN VARIOUS NucLEI, FouND By CYTOLOGICAL AB- 
SORPTION MEASUREMENTS 


PROTEIN- NUCLEIC 


MATERIAL 


Lophius nerve cell, nucleus 


Amblystoma cartilage cell, 
nucleus 


Drosophila salivary gland 
chromosome 


Grasshopper spermatocyte, 
early meiotic prophase 
nucleus 

(Chortophaga) grasshopper 
spermatocyte, leptotene 
nucleus 

(Chortophaga) grasshopper 
spermatocyte, leptotene 
nucleus 

Onion root tip, meristem, 
nucleus 


REFERENCE 


Hyden® 


Di Stefano* 


Caspersson? 


Caspersson® 


Pollister and 
Leuchten- 
berger 

Ris* 


: NUCLBIC ACID 
Ultraviolet 
absorption, 
Eossz 
Ultraviolet 
absorption, 
Fes37 
Ultraviolet 
absorption, 
E537 
Ultraviolet 
absorption, 
ee 
Ultraviolet 
absorption, 
Fossz 
Feulgen 
reaction, 
Esso 
Ultraviolet 
absorption, 


E237 


PROTEIN 


-METHODS - — 


NUCLBIC ACID 
Ultraviolet 14 
absorption, 


PROTEIN 


E2300 

Millon 
reaction, 
Exes 

Ultraviolet 
absorption, 
E200 

Ultraviolet 
absorption, 
Eeasex 

Millon 
reaction, 
E65 

Millon 
reaction, 
Exes 

Millon 
reaction, 


Exes 


* Computed by assuming the E35; represents absorption due to tyrosine, which is 
6.25% of the protein. 


in demonstrating that at interphase, or early prophase, the nucleus con- 
tains a very large amount of protein in proportion to the nucleic acid. 
This is in sharp disagreement with the equally uniform results of gross 
analyses, by different workers, of chromosomes and nuclei which have been 
subjected to a procedure for isolating them from the rest of the cell. In 
all of the latter a very much lower proportion of protein was found. 
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One can reconcile these divergent analyses by assuming that the isolation 
process has removed from the nuclei a large proportion of the protein. 
An essential part of all the methods of getting a mass of ‘“‘pure nuclei’’ for 
chemical analysis is a prolonged washing, with such reagents as citric acid 
or physiological saline. The latter has been demonstrated to wash out a 
large amount of protein from the cytoplasm (Mirsky and Pollister!®), and 
it is logical to suppose that loss of protein from the nuclei also may result 
from this sort of treatment. This point was investigated on the liver of the 
guinea pig. Slices of fresh liver were cut on a freezing microtome set at 100 
microns, some were fixed immediately for controls, others were kept in 
physiological saline at 5°C. before fixation. Protein was determined by 
photometric measurement of the Millon reaction on paraffin sections of the 
fixed tissue slices. These measurements showed that in a slice that had 
been in normal saline for three hours the nuclei contained on the average 
about one-fourth as much protein as the nuclei of the untreated control 
slice. This same saline treatment reduced the cytoplasmic protein content 
to neariy one-half its original value. The suspension of a thick slice of 
liver in saline is a mild physical and chemical treatment in comparison 
with, for example, the homogenization in a Waring Blendor and subsequent 
washing, which are part of one of the procedures followed in isolating 
nuclei or chromosomes for gross analysis (Mirsky and Ris'). There seems 
good reason to suppose that the more drastic procedures would reduce the 
protein content of nuclei and chromosomes to the values given in table 1. 

The cytological evidence shows that in nuclei of sections of fixed tissues 
in which rapid cytological fixation has preserved the nuclei with little 
chance for loss of protein or nucleic acid, there is 6'/2 to 20 times as much 
protein as nucleic acid, and furthermore suggests that the process of 
isolation for gross analysis washes out most of this protein from the nuclei. 
Without more cytological or chemical data it cannot be said whether the 
protein removed by washing was originally a part of the chromosomes or 
some component of the interchromosomal material. There is clear indi- 
cation that the excess protein in whole (i.e., fixed) nuclei is not histone. 
Mirsky and Ris!, have reported that histone constitutes over 80% of the 
protein of isolated thymus chromosomes, and this ratio was approx- 
imately verified by microscopic absorption measurements of isolated nuclei 
(Pollister and Ris®). If histone likewise constitutes four-fifths of the 
protein of whole nuclei, its removal should lead to a corresponding reduc- 
tion in the Millon reaction. Instead, however, when sections of fixed 
thymus are treated by the reagent which dissolves histone (sulphuric acid 
plus divalent mercury) and the Millon reaction (/365) on these sections is 
compared with that of nuclei in untreated tissue, then it is found that the 
decrease of Es caused by histone removal is barely significant, table 4. 
This is actually about the result to be expected if the histone content of 
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whole thymus nuclei is that reported by Mirsky and Ris for isolated chro- 
mosomes (1.25 times the nucleic acid, which would be 15% of the protein 
of whole nuclei, and equivalent to an E355 of 0.021). These data show that 
in the large amount of protein of whole nuclei there is probably very little 
more histone than has been found in the same type of nucleus after iso- 
lation. In other words, the isolation procedure appears to cause little if any 
loss of histone, There is some evidence that the desoxypentose nucleic 
acid content likewise is not changed appreciably during isolation of chro- 
mosomes. 


TABLE 4 


EFFECT OF REMOVAL OF HISTONE ON THE PROTEIN CONTENT OF THYMUS NUCLEI AS 
SHOWN BY THE MILLON REACTION. (THE VALUES ARE FROM MEASUREMENTS THROUGH 
THE CENTRAL PART OF THE NUCLEUS, WITH A CONSEQUENT LONGER OPTICAL PATH 
AND HIGHER EXTINCTION THAN IN TABLE 2) 
NON-HISTONE PROTEIN 
TOTAL PROTEIN (AFTER H2SO. + Hg **) 


NUMBER NUMBER 
OF NUCLEI MEAN Exes OF NUCLEI MBEAN Exes 


31 0.137 + 0.004 30 0.123 + 0.005 


We can only speculate as to the other characteristics of this non-histone 
excess protein of whole nuclei. Perhaps it should be classed with the 
other non-histone protein fractions of the nucleus, and the ‘‘chromosomin”’ 
of the Stedmans and the “residual protein’ of Mirsky and Ris be regarded 
as residues, which for some reason do not go into solution when nuclei are 
isolated for gross analysis. Since the metabolically inactive spermatozoan 
nucleus appears to be almost entirely nucleoprotamine, or nucleohistone 
(Pollister and Mirsky!!), it seenis logical to consider the non-histone, 
which is so abundant in metabolically active cells, to be a part of the nu- 
cleus which is concerned with the special metabolic functions of the nucleus, 
leaving to the nucleohistone the general function of chromosome repro- 
duction. Thus, in the non-histone protein fraction must be included the 
enzymes which were found by Dounce.'? Indeed, Dounce showed that 
certain steps of the nuclear isolation: process do remove significant amounts 
of protein and enzymes from the nuclei. Finally, it is intriguing also to 
hope that in the excess protein fraction may be found some of the elusive 
intermediate products of protein synthesis, which Caspersson has suggested 
may be the primary intranuclear metabolism. 

The results may be briefly summarized. Photometric measurements 
of nuclei in sections of fixed tissue show that these contain a much higher 
proportion of protein than has been reported in nuclei and chromosomes 
when isolated for gross chemical analysis. This high protein content is 
consistent with other cytological estimates of nucleoprotein in fixed nu-lei. 
It is shown that a large amount of protein is removed from nuclei by treat- 
ment with physiological saline, which is a part of one method of isolating 
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chromosomes. The protein which occurs in whole nuclei and which is 


apparently lost during the isolation procedure does not appear to include 


any histone. 
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